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A Review on Vector Calculus

Chapter 1

Fall 2026: Synoptic Meteorology 11

Recall that the derivative is defined as:

Suppose we have a property of a fluid, ¢:

(b(x? y7 ’Z)

where ¢ is a function of space (but not time). For example, ¢ could be temperature or pressure.

Then, we can define the x (or zonal) derivative of ¢:

8¢ — 1 ¢($ + h7y7z) — ¢(xayaz)
— = lim
dr  h—0 h

Note that this is a partial derivative because we are traversing in the x-coordinate, while holding

our position in the y- and z-coordinates fixed.

Now consider an air parcel moving through the fluid, where the location is specified by (x,y, z).
Suppose the position moves in time, such that x(t), y(¢), z(t). Then ¢ following the parcel will
also be a function of time. How does ¢ following the parcel change over time? We can quantify
this using the total derivative, %. Note here that the derivative is now “d”, because while ¢ is a
function of space (i.e. ¢(x,y,z2)), =, y, and z are functions of time! In the infinitesimal time step

described by dt, we define the air parcel moving from:

(x0,Y0,20) — (xo+ 0z,y0 + 0y, 20 + 02)

Let us use the chain rule to quantify d¢, or the change in ¢ over the time step dt:

0p = a—qbét + %&B + @dy + %52

ot Ox oy 0z
9. .

where the second step defines & as the position vector, and V as the gradient operator:

x 0/0x
= |y V= 109/0y
z 0/0z



It is very important to make sure you understand these definitions and are comfortable with using
vector calculus to describe physical motions of the atmosphere.

Let us continue with Eq. (3), and divide by ¢ and take the limit as this time step goes to zero:

[%_%ﬁﬁfw}
siso Lot ot ot 5t
d¢ 09 . 0xdp dydp 6z 0¢
at T oar A [aa*mz*aa}
00 dado  dydo  dz00
Ot dtox  dt Oy dt 0z

Then, if we define the zonal (west-east) velocity u, the meridional (south-north) velocity v, and
vertical (down-up) velocity w:

—dt’ T dt’ o dt
and the velocity vector as 4
B o dt
w
the above simplifies to:
dp D¢ 0o
% =Dt T@ Ve (4)

This is a very important equation that describes the change in ¢ following a parcel. Notice we have
given a special notation for the total derivative of ¢ with respect to time, by replacing “d” with
“D”. The total derivative is given a special name, the material derivative. It specifically describes
the effect of advection on the change of a fluid property over time.

For example, consider T' as the property of the fluid.
DT oT

= _-Z L@wIr 5
Dt~ o T VT (5)
local advection

Finally, another useful operator that we will use a lot in this course is the Laplacian operator:
Vi=V.V (6)
and applying it to our fluid property ¢ yields:

0? 0? 0?
2 P [ —_— [
Ve = (8x2 * Oy? + 822)¢



Rotating Frames and the Momentum Equations

Chapter 2

Last Modified: November 15, 2026

Rotating Frames

Motion in a Rotating Frame (see Vallis 2.1, Holton 3.1 for more)

Consider a vector C rotating relative to an inertial frame with angular velocity Q. Cis rotating
rigidly about the axis €2, like a spoke attached to a spinning wheel. As it rotates, the tip of C
traces out a circle around the 2 axis.

Figure 1: Vector C rotating about Q) (Vallis 2.1).
e )\ — angle traveled in the i—) plane
e O — angle between C and the i—) plane
e M — unit vector parallel to the direction of change of C

Next, consider the displacement vector of é, which is [how far you moved| multiplied by [which
direction you moved]. Thus, the (infinitesimal) change in C' is

6C = (arc length change) i = (radius) - (rate of change of angle) - 6t 1 = |C| cos 6 A 1.

Since oA = [ 8t,
0C = |C| cos 8 |Q| 5t .

‘Trig identity: sin(a + b) = sin(a) cos(b) + cos(a) sin(b)

Applying the identity with a = § and b = —0,

sin(3 — 6) = sin(%) cos(—0) + cos(%) sin(—6) = (1) cos 6 + (0)(—sin ) = cos b,
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so that cosf = sin(% — 9). Substituting this in,
5C = |C) sin(Z — 0) |Q] 6t = G x C dt,

recalling the definition of the cross product, @ x b = |a@||b|sinfn (with @ = C, b = ), where 6 is
the angle between @ and b. Therefore,
dC
dt
inertial

(What is the dot product of the RHS with C_;"?)

OxC (Eq. 1)

Now consider a vector V that changes in the inertial frame,

~

V=Viig+ Voir+ V3 I%R, (i, 3, k)r are unit vectors of the rotating frame.
The rate of change of V in the inertial frame is
dv dvi\ . dir A\ . dir dvs\ - dkp
— | =|— |— — Vo | == — ) k V3| —
(), = (), e (G0), + () e (), () s (),
dVi dV
Since Vi, Va, V3 are scalars, <dt1) = <dt1> , and using Eq. 1 on each rotating unit vector,
I R

dv _(dW ) L v A o
(m)l—<ﬁ>Rm+%6bum+<d%l£n+wmxﬁ9+m

dv av -

This relates vector changes in the inertial frame to the rotating frame!

Gathering terms:

Relating Position and Velocity in the Inertial and Reference Frames

Apply Eq. 2 to the position vector 7

dr A7 , L
) = (= Oxi = —Vr+ 07
(@), ~ (&), s 07 = B-vedr

i.e. the inertial velocity equals the measured (relative) velocity plus the rotating frame term Oxr.

l

Apply Eq. 2 again, now to the relative velocity VR:

dVp\ _ (dVg -
(dt) = (dt) + Q x VR.
I R



Since Vg = Vi — Q X 7,

so that

dvy S B dVg
— — Ax(Qx7) — 2QxVyp = —
dt N A LR dt
R/_L centrifugal force Coriolis force H/_]i
accleration in inertial frame acceleration in rotating frame
= F/m (Newton’s 2nd law) (what we measure)

Centrifugal and Coriolis forces are “fictitious” forces to make velocity in the rotating
frame of reference, “look” like velocity in the intertial frame of reference!!

Coriolis force = —20 x VR
1) is zero on stationary bodies;
2) deflects bodies at right angles;
3) does no work, since Vg - (=20 x Vg) = 0.

Centrifugal term: writing Oxi=0x7 "\, where 7| is the perpendicular distance to the axis of
rotation,

Ox (Qx7)=(Q-7)0—(Q -Q)F = -Q%F,.
=0
The centrifugal force acts a little like gravity, but in the opposite direction, so we incorporate it
into an “effective gravity.” (more on this later...).



The Momentum Equations
Now we can use Newton’s Second Law:
v\ _F
dt S m’
I

to derive an equation that tells us how (atmospheric) motion changes in time. Clearly, this equation
tells us that we need to know what are the forces acting on the atmosphere. For now, let’s consider
pressure and gravity.

The Pressure Gradient Force

Fp,
FAz <
-3 0z
oy
ox

For a small fluid parallelepiped of sides dx, dy, dz, the pressure forces on the two faces normal to x
are:

Fa, =podydz, Fp, =— <po + gp&U) oy oz,
x

so the net force is 5
F,=Fs, +Fp, = —5$5y62—p.
Ox

With density p =m/éV, i.e. m = pdxdydz,
F, 10p

m p Oz

By similarity, » Lo - Lo
P z p

Ly
m p Oy m pOz

1
Pressure gradient force: ——Vp
p

Gravity

The other force we include for now is gravity. Unlike the pressure gradient force, gravity acts
only in the vertical: it pulls fluid parcels straight down, toward the center of the Earth, with no
horizontal component. Per unit mass this is just the gravitational acceleration g, so

where k points vertically upward and g ~ 9.81 m/ s2. Equivalently, gravity is minus the gradient of
a geopotential ® = gz (equal to gk here after absorbing the Z direction),

~V® = —gk,



so that ® plays the same role for gravity that p/p plays for the pressure gradient force. (Recall
from earlier that the centrifugal force can also be written as the gradient of a potential and folded
into an effective gravity /geopotential.)

Momentum Equations on the f-Plane

Let’s write the momentum equations on the f-plane (rotating frame of reference, fixed):

Dv - 1

— +20xVT=—-Vp—-Vo®

Dt+ X U pr Vo,
where D 9

— =47 ® = gk

Di a0V 9

—

U= [u,v,w], 0 =[Q,Q,,Q.] =10, Qocosb, Qysinb],

2 di
and Q is the angular velocity of the Earth, Qp = — oo
1 day rotation

Decomposing Q along the local, surface-fixed axes (7, l;:) at latitude 0 (i.Ae. k points locally “up” and
7 points locally “north”), and using that 2 makes angle (g - 9) with k& and angle 6 with 3,

Qr = Qo cos(g — 19) =y sinb, 1 = Qg cosb.

At any point on the surface, the local axes are i (east), j (north), and k (local vertical, “up”). Since
0 points along the Earth’s polar axis, it lies entirely within the local meridian plane — the vertical
north—south plane through that point — which is spanned by 7 and k. The local east direction 7 is,
by construction, perpendicular to this plane, so Q has zero projection onto 7 at every latitude:

Q; =0.
Combined with the components found above, this gives

Q= [Qi,Qj,Qk] = [0, Qg COSH, Q(] sin9].

As a sanity check: at the pole (6 = 90°), ¢) points straight up, giving Q = Qp, ; = 0; at the
equator (6 = 0°), Q) points due north along the surface, giving ), = 0, Q; = Qo.



Computing the Coriolis term:

3 ¢ J k A
20 x =10 2Qpcosf 2Qysind| = (2ng cos  — 2Qpv sin G)i + (QQou sin H)j - (Qqu cos G)k:.
U v w

The Coriolis terms involving w and k are usually ignored (thin-shell / traditional approximation),
leaving the Coriolis parameter

f=2Qsind

Dv = 1
Writing out each component of th) +2Q x7=—-—=-Vp—-Vo:
P

ou . 10p Du 19p

D — 4+ — 20 Qv=——— — —fo=———

x N +7-Vu osinfwv > or = D v »or

ov . 10p Dv 10p

D =+ 2Q) Qu=——— — =———

Y 5 4+ U- Vo + 2Qpsinfu 0y = D1 + fu 0y
o ow _ 1op Dw  109p

These are the momentum equations!

The z- and y-equations are the horizontal momentum equations: they describe motion in the
plane tangent to the Earth’s surface, and each is balanced by the Coriolis term (—fv or +fu)
coupling the two horizontal velocity components together. This Coriolis coupling is the key new
ingredient introduced by working in a rotating frame — it is absent in the z-equation because we
dropped the Coriolis terms involving w and k under the traditional approximation. The z-equation
is instead the vertical momentum equation. Together, these three equations, two horizontal,
one vertical, form the momentum equations we will use to describe large-scale, rotating fluid motion
on the f-plane.



Geostrophic, Hydrostatic, and Thermal Wind Balance

Chapter 3
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Dimensional Analysis (Vallis 2.7-2.8)

The momentum equations contain many terms, but in any given physical regime only a few of
them actually matter. Dimensional analysis (or scale analysis) is the procedure for finding out
which terms are important in certain physical regimes. Let us do a scale analysis for synoptic scale
processes.

Variable Description Scaling Real Atmos.
T,y horizontal scale L 10 m I
t time T 1 day (10° s) T~ U
u, v horizontal velocity U,V 10 m/s

Next, we’ll apply these to the momentum equations that we derived previously, to try to see if any
terms simplify.

Horizontal Momentum Equations: Geostrophic Balance

First, let’s look at the horizontal momentum equations.

Du 10p
= fo=-—-2F
Dt p Ox
horizontal momentum equations
Dv 19p
— + fu - __ =
Dt p Oy

Scale Analysis

Ou + (@-Vu — fo = _19p

ot pOx u,v: U velocity
Ug UlU U P t: L/U time for fluid to travel
L L pL characteristic length
U? U? U P fif coriolis parameter
L L oL

Ratio of the first two terms with the third term on the right-hand-side:

2
L
Uf l’/J — ;’; = Ro , Rossby Number
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The Rossby number tells you how important the advective time scale is to the rotational time scale.

e When Ro « 1, rotation is important, and the fU term dominates on the RHS
0
e When Ro > 1, advection is important, and the —ZL, (i - V)u terms dominate on the RHS

Let’s evaluate Ro for synoptic-scale flow using the scales from the table above. We have U ~ 10 m/s
and L ~ 10% m, together with a mid-latitude Coriolis parameter of f ~ 1074 s71.

U 10 m/s
L ~0.1
Ro FL ™ (10-% s1)(10° m) 0

Since Ro ~ 0.1 < 1 for synoptic-scale motion, rotation dominates over advection, and the fU (Cori-
olis) term is much larger than the U?/L (advective) term in the horizontal momentum equations.

This means the advective term can be dropped! Therefore,

10p 10p

Ug N ———— , Vg ~ ———
Jug p Oy Teg p O

where u, and v, are the geostrophic velocities. Notice how this equation tells us that when the
Rossby number is small, there is a simple balance between pressure gradients and velocity. This is

otherwise known as geostrophic balance.

P o, % g
ox

v<0, u>0

What about

for a low pressure?

clockwise flow

Divergence (on an f-plane)
An important characteristic of geostrophic velocities is that they have no horizontal divergence (or

convergence). We can see this by taking the horizontal divergence of 1ig:

L Oug  Ovg 1 0% 1 8%p
Vi g = ox + oy  pfoxdy pfoxdy

Vi iy =0

Geostrophic flow is horizontally non-divergent.



11

Vertical Momentum: Hydrostatic Balance

Next, let us visit the momentum equation in the vertical (up and down) direction. Previously, we

derived:
Dw 10p

Dt p Oz
Let us now try to scale the vertical momentum equation. Since g is a constant, we will need to scale
the advection term. Now, if one assumes the magnitude of w for synoptic scale storms is W ~ 1
cm/s (is this a reasonable assumption? we shall see later...), one will find that the terms on the
right-hand-side of the vertical momentum terms dominate (this exercise is left to the reader). In
this case, the balance must be between the pressure gradient and gravity terms:

o _ _
az_ pg

In other words, the upward pressure gradient force (if pressure decreases with height), balances the
downwards gravity force. This balance is called hydrostatic balance.

Combining It All: Thermal Wind

What happens when we combine the joint constraints of geostrophic and hydrostatic balance?

19p
pPOTly., dp
92 = —pP9g
T poyl,.

In order to simplify this system, we need to change the vertical coordinate. Let us define the
geopotential height as ® = gz. Then, we can rewrite hydrostatic balance (« is specific volume):

Consider a general vertical coordinate £ (chain rule):

()= (50).+ (&) o

Let £ = p, so
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Therefore, in pressure coordinates, geostrophic and hydrostatic balance simplify to:

0P
e plus 8—(1) = -«
; oL Ip
U, = — ——
g9 8y »

Taking the pressure derivative d/0p, and using hydrostatic balance:

v 0 0P Oa
_ fig - - = (1)
Op or dp  Ox
Qug _ 002 _da (2)
dp  Oydp Oy
We could stop here, but « is not as easy to think about as compared to temperature. So we will
simply substitute « for 7', using the ideal gas equation. The ideal gas equation can be written as:

f

_ p
P~ ReT
R . . 3 .
where i R* is the specific gas constant (equal to 287 m). Then, since p = 1/,
00 R'T
op p

Substituting the above into the Eqns. 1 and 2:

g0 8<R*T>: R* 9T
p

op oz p Ox

ap Oy \ p

which finally yields the thermal wind balance equations:

f%— . (R*T) _ R*OT
p Oy

Thermal Wind Balance
vy _ R OT
op  fpoux
Oug _ R OT
dp  fp Oy

Clearly, this equation relates the change in pressure (or height) for the geostrophic wind, with
the horizontal temperature gradient (on constant pressure surfaces). In other words horizontal
temperature gradients results in vertical wind shear! This is the important equation in this
entire course, and we will spend a lot of time both trying to understand it, and using it.



The Anelastic and Hydrostatic Primitive Equations

Chapter 4
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Revisiting Geostrophic Balance

Recall that geostrophic balance can be written compactly as

10p
. o= o
g = —kxVpyp —= back in z-coordinates
of 10p
T =20y

Geostrophic balance is only a balance! It only tells you which terms are balancing each other,
much like a elevator counterweight balances the weight of the elevator car. The same is true of
hydrostatic balance and thermal wind balance. They do not tell you how the atmosphere
changes in time! (Notice how there is no % term in the geostrophic balance equation).
Recall we derived in class: D )
u —

— +20xu=—-Vp—-Vo

Dt P p
where we threw out the material derivative term for Ro <« 1. However, that term is not totally
negligible and equal to zero, it’s just small! Therefore, for small Ro, there must be a correspondingly
small, but non-negligible component of the wind that is not in geostrophic balance.

Let us try to quantify this by decomposing the full velocity into
U = Uy + Ug

where i, is the ageostrophic wind (or the component of wind that is not in geostrophic balance).
Note that 1, is much smaller than ,.

Retaining the Ageostrophic Wind

Now that we have decomposed the wind into its geostrophic and ageostrophic components, let us
try to rewrite the full horizontal momentum equations, recalling geostrophic balance first:

_Lop
f“g - pax (1)
10p
=_-=% 2
fug =~ 2)

13
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Then,
Du B 10p Du Du
o T e Do =T TEACY
D 1op D D
v __77p l = 7’0:_ -
pr TIv= p Oy pr TIu= T by = )
Thus, using @, = @ — 1,
Du
D v
Dv
D~ T
or,
Du S
Ft:_kaua (3)

In other words, the evolution of i, the total atmospheric flow, is directly linked to the
ageostrophic wind, not the geostrophic wind! This is a very important concept to understand.
Geostrophic balance tells us nothing about how the atmosphere changes in time. And, in fact, it is
the part of the atmosphere that is not in geostrophic balance (the ageostrophic component) that
determines how the atmosphere evolves in time.

Scale Analysis

Let us scale Eq. 3 above:
U2
f ~ fUa

where U, is the magnitude of the ageostrophic wind. Dividing by fU gives us the well-known
Rossby number, which also happens to be the ratio of the magnitude of i, to u:

U,

Ro ~ =%
°T T

Therefore, a small Ro means a small ageostrophic wind. This means, we cannot simply ignore
O(Ro) terms if we want to predict the time evolution of the flow!

Time Evolution of the Atmosphere

If we want to understand the time evolution of the atmosphere, we need to be able to solve for all
of the unknowns. So far, we have 3 momentum equations (u, v, w), but 5 unknowns (u,v,w, p,p)
(the unknowns appear in the momentum equations). While the ideal gas law allows us to relate
p and p, it introduces another variable T' (temperature). Therefore, we need other equations
to be able to complete our mathematical description of the atmosphere. It turns out that these
equations come from mass and energy.

Mass Continuity

Consider a fixed volume V with surface area A and outward unit normal n. The mass contained

in this volume is:
m = / pdV
v
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We can take the time derivative of the above:

om [ dp
&Amw

Now, since the rate of change of mass in this volume can only occur from mass exchange with the
environment, the mass flux out of the volume (F') is equivalent to:

F = / (ptl) -ndA
A
Applying the divergence theorem to the flux,
F :/ V- (pit) dV,
1%

Since V is fixed in space, the change in mass can only be equal to the mass flux out of the volume:

om

o

. ) om
Next, we can combine our two equations for —:

ot

/apdV:—/V-(pﬁ)dV _ / 9 L v (pi)| av = 0.

This must hold for any arbitrary V', so

0 D
8—5 +V.(pi) =0 or also written as F[t) +p(V-1u)=0

This equation is mass continuity — it uses the law that mass is neither created nor destroyed. For
any fixed (fluid-following or arbitrary) volume, the rate of change of mass inside must be balanced
entirely by the net flux of mass across its boundary. No mass appears out of nowhere and no mass
vanishes, as mass can only be redistributed by motion.

Energy (Thermodynamic)

Conservation of thermodynamic energy tells us that the potential temperature is conserved following
the flow, or:

DH o m)Rd/cP (4)

Dt P

which you should know from Thermodynamics, Atmospheric Dynamics, and Synoptic I.

0 where 0(T,p)=T (

Optional Derivation of Potential Temperature. The first law of thermodynamics reads
dl = d@Q — dW + dC,

where dI is internal energy, d@ is heat input, dW is work done on or by the parcel, and dC is
change due to chemical composition. For an ideal gas, the work for volume change is the pressure
times change in volume, dW = pda with a = 1/p, and for a parcel of fixed composition, we have
dC = 0. Thus, for an ideal gas,

dQ = dI + pda.
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At constant volume, dI = ¢, dT" where ¢, is the specific heat at constant volume. Using o = RyT'/p

for an ideal gas,
R4T R4T
pdo :pd<;> = Rydl — %dp,

so that with ¢, — ¢, = Ry,

T
(KQ:(%dT—dedT——EE—dp — ’(K2:<%dT——adp
p

which is defined in (7', p) coordinates. For an adiabatic process, d@ = 0:

dT
T T ¢ p

_ adp _ Rqdp

cpdl = audp =

where we used the ideal gas law p = pRy4T'. Integrating from pg to p,

pd—T:& pd—p - ln<T(p)>:Rd1n<p>
T T(pO) Cp Po ’

Po ¢ Jpo P
which when integrated yields the potential temperature defined in Eq. 4.

The Dry Primitive Equations

We now have a complete system consisting of 7 equations and 7 unknowns. There are three
momentum equations, one equation for mass, one equation for thermodynamic energy, and one
state equation (the ideal gas law). This is a solvable system! Unfortunately, there is no closed
form, analytic solution to this system of equations, since they are nonlinear (note the presence of
the material derivative). They must be solved numerically, which is exactly what numerical weather
prediction (NWP) models do.

Du _ 10p
o T ®)
Dv 19p
Dt f “ Loy (6)
Dw  10p
Dt _pé?z —9 (™)
Do
e =Y (8)
ap o
a-i—v‘(pu)—o 9)
p = pRqT (10)
Ry/cp
0:T<m> (11)
p

This set is often called the dry primitive equations (or the compressible, non-hydrostatic equations of
motion). Much of the rest of this course is about deriving simplified versions of this full system that
are more tractable and that isolate the dynamics relevant to synoptic-scale motion, by exploiting
the scale analysis that we’ve been doing.
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The Anelastic Approximation

The first approximation we will make is called the anelastic approximation. It takes advantage
of the fact that density variations in the atmosphere are, to leading order, small compared to the
background density profile. Furthermore, since we are not interested in resolving acoustic (sound)
waves, which are a fast, dynamically unimportant byproduct of the full compressible equations. To
do this, let us first decompose the density and pressure into a reference profile that depends only
on z, plus a small perturbation (this method is called “linearization”):

p=p(2) +p'(z,y,2,1) .
- , where p’ < p.
p=p(2) +p(2,y,21)

We will use this approximation to massage the primitive equations.

Horizontal Momentum Equations

Consider the horizontal pressure gradient force. Since p’ < p,

1 1
- Vip+yp) ~ =V(p+p).
FRY ( ) 5 ( )

Since p and p are not functions of ¢ (and horizontal derivatives of p(z) vanish), the horizontal
momentum equations become:

Diu - 1
?1; + fkxu= —EVp/ (horizontal only)
which we can simplify a bit further by defining the scaled pressure perturbation ¢ = %:

Du ¢
== == 12
Dt fo oz (12)
Dv d¢
- . 1
D T = "3, (13)

Continuity Equation

Let us start from the full continuity equation,

dp

— + V- (pi) =0.

5 TV (pd)

and substitute p = p(z) + p'(z,y, 2,t). Since p is independent of ¢, dp/dt = 0,

op ~ _
5 TV [(p+p)a] =0

Expanding the divergence,

% aallo o+ g0+ 9]+ ik ] =0
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and since density perturbations p’ are small with respect to p, we drop the p’ advection terms:

a /

s —(pw) = 0.

+p(Vy - @) + s

Dropping the tendency term 9p'/dt removes “compressibility” and filters out sound waves, leaving
the anelastic continuity equation:

(Vi - u)—i—aaz( w) =0 or just ’V-(ﬁﬁ):O‘ (14)

Before we proceed, let us scale this anelastic continuity equation, as it allows us to understand how
w scales with the horizontal wind. Writing the total horizontal wind as @ = iy + 14, the horizontal
divergence splits as:

VH-ﬁ:VH-ﬁg+VH-ﬁa.

Since Vg - iy = 0 (if f is not a function of y), only the ageostrophic part contributes to the
horizontal divergence. Therefore, we have

pV -, + w) =0

0
32(

which, recalling Ro ~ U, /U, allows us to write the scaling:

U, W [ReU W
L H L H

Using U ~ 10 m/s, L ~ 1000 km (synoptic), H ~ 10 km (depth of troposphere), f ~ 107% s~!
(mid-latitude), and Ro ~ 0.1:

0.1-10 m/s - 10* m

105 m =W ~0.0l m/s~1cm/s.

This tells us that the magnitude of vertical velocity associated with synoptic-scale motion is around
1 cm/s (we just naively assumed this before)!

Vertical Momentum Equation

We next apply the anelastic approximation to the vertical momentum equation. If we apply p =
p(z) +9'(2,y,2,t) and p = p(2) + p'(2,y, 2, 1), then

Dw _ 10(+p) _
Dt p Oz

Multiplying through by p and substituting p = p + p’ into the gravity term,
Dw __9p f‘Lp

Next, let us assume the reference profile follows hydrostatic balance (this is a very good assumption),
or

op
82_ p97
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so that the reference-state terms cancel exactly:

op
—— —pg=0.
02 rg
This leaves
Dw  op

/
P Dt 92 pPg.
Finally, consistent with the anelastic approximation (p’ < p), we approximate p &~ p on the left-
hand side:
_Duw ap’
P Dt
Dw  10p" o

Dt pos Y (18)

|
|
¥l
Q
|
i)
<

The vertical acceleration is therefore driven only by the perturbation pressure gradient and the
perturbation (buoyancy) density. In other words, the reference hydrostatic state exerts no net
force, as expected, since it is balanced by construction. Unfortunately, this equation is not entirely
useful to us, since in Eq. 12, we scaled the pressure term by the reference density. Therefore, we
need to rewrite this equation to be only a function of ¢. To do this, we start from the chain rule,

O (v _ 1o P op _Lopt 0 Py v op
0z\p) poz p2oz pOz  0z\p p2 0z
Substituting into Eq. 15,
Dw o (p pop o Dw o9 p'op o
T, - A\ =) =5 =9 - T, T o, T = a. =9
Dt 0z \ p p?0z P Dt 0z p*0z p

For synoptic scales Dw/Dt is small (can you do the scaling?), so

L9 _Pop_p
0z p2oz ,59 N

This is not in the form we want yet, since we want to relate ¢ to the variable that comes out of the
thermodynamic equation. In homework, you will show that this reduces to:

ap
5, ~b=0 (16)

where b = g6’ /0 is buoyancy. Eq. 16 is the vertical momentum equation with the anelastic and
hydrostatic approximations. Notice how much simpler it is than the original vertical momentum
equation!

Thermodynamic Equation

The final equation we need to modify is the thermodynamic equation. Let us start from conservation
of potential temperature under the anelastic approximation, with 6(x,y, z,t) = 0(2) + 0'(z, y, 2, t):

D(0+ 6"

b Y
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which can be rewritten as

06’ 00 06’
— +u- 0 — — =0.
at+u Vg +w8z+w8z
where Vg = <;, 8) is the horizontal gradient operator. We want to get this in terms of the
T oy

buoyancy, b = gf’/0. Let’s multiply by g and divide by 6:

o (gt . gt g 00 goo
S—— =
1) (2)

Since 0 < 0, we will keep term (1) and discard term (2) (you will do this more rigorously in the
homework). Defining the buoyancy b = ¢gf’/6 and the dry stratification

990 _

2= = N2x 107t s72
00z 5
we obtain the thermodynamic (buoyancy) equation under the anelastic approximation
Db 9
—_— N“=0 17
Dy TV (17)
H_ 0 : . . . .
where Dt = g + @ - Vg is the material derivative following the horizontal flow only.

The Anelastic, Hydrostatic Primitive Equations

Equations 12, 13, 14, 16, 17, make the anelastic, hydrostatic primitive equations.

The Hydrostatic, Anelastic Equations

2) l;;+fu__((3(§
3) gf:b

4) DTZZE N? =
5 V-(pu)=0

/ /
where ¢ = }; is the (scaled) pressure and b = 95 is the buoyancy, with

p=p(2)+p(x,y,2,t), 0=00z)+0(z,y,21)

There are 5 equations and 5 unknowns (u, v, w, ¢, b), thus making a a complete solvable system!
The rest of this course will use these equations to understand synoptic-scale motion.



The Quasi-Geostrophic Approximation

Chapter 5

Last Modified: November 15, 2026
Reference: Vallis, Chapter 5./

Where We Left Off

In the previous classes, we assumed the following for synoptic-scale flow:

1) A small Rossby number, Ro < 1, so that the flow is approximated by geostrophic bal-
ance. This also means i, < ;. However, as we found, the ageostrophic wind is small but
not necessarily negligible.

L

iR

3) A density profile that can be decomposed into a reference profile plus a small perturbation
(the anelastic approximation), p(z,y, z,t) = p(z) + p'(z,y, 2, t).

2) An advective time scale, 7 =

4) Hydrostatic balance holds in the reference atmosphere

Under these assumptions, the dry, primitive equations reduced to the hydrostatic, anelastic equa-
tions:

The Hydrostatic, Anelastic Equations

Dy

1,2) E+foz%xﬁ:—vH¢
oo
3) &_b
DHb 2
5) ﬁ(VH-ﬁ)—i-g(ﬁw):O
0z

/ /
where ¢ = Q_ is the (scaled) pressure and b = 95 is the buoyancy, with

p=pz)+p(z,y,21), 0=0(z)+0(x,y,21).

Note how there are 5 equations and 5 unknowns (u, v, w, ¢, b) — a complete, solvable system! What
we want to do now is to analyze and solve these equations by making them appropriate
for synoptic-scale storms.

21
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Non-dimensionalization

First, in order to make these appropriate for synoptic-scale storms, we will non-dimensionalize
the equations. Non-dimensionalization is the process of making each term in an equation have no
dimension, so that the relative size of each term is immediately apparent. We have already done
something very similar before (scale analysis). Recall the scaling for the horizontal momentum:

ou . B 0¢
o + (@-Vu — fv = ~ 3
U2 U2 é
T 7 1Y I
v v ] 9
fL L fUL
@
Ro Ro 1 fUiL

where the second line divides through by fU. The first two terms scale as the Ro, the third term by
1, and the last term by ¢/fUL. From this we concluded that if Ro < 1, then geostrophic balance
holds (i.e. the third term and RHS balance).

Choosing the Scales

To non-dimensionalize, we have to choose how to non-dimensionalize — that is, we must pick a char-
acteristic scale for each variable and write each variable as a (scale) x (non-dimensional variable),
the latter denoted with a hat. In other words:

(‘T’y) — Lﬂ}v Lg)
(u,v) — Uu, Uv

t—>£f
U

f— fof
¢ — foUL

where all hatted terms are non-dimensional (and O(1)), and the dimensional scales are L, U, and

fo- We will next use these non-dimensional transformations to scale the hydrostatic, anelastic
equations.

Horizontal Momentum Equations

Substituting the above scalings into the horizontal momentum equation gives

U20i U2 . o . foUL3
TE—’—T(UV)U_JCOUJ%__ . 0@
Dividing through by foU, A
U 0u U~ ey . 00
FY AR A
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and recognizing Ro = U/(foL),

di foen s 09
ag—i-Ro(u-V)u—fv— 55 (1)

Ro

These are the non-dimensional momentum equations — notice how the Rossby number naturally
comes out in this equation, and multiplies exactly the terms we diagnosed with the scale analysis
were proportional to the Rossby number. The Rossby number is a natural non-dimensional number
governing the momentum equations.

Hydrostatic Equation

Let us next look at the hydrostatic equation, = b. Here we need scales for z and b, which we

Dz
take to be UL
z— HZ, b— Jo 13,
H
so that
foULO$ _ foUL; 9% _;
o wm'’ = 9z =0

Note, there is no other sensible choice of the non-dimensionalization of b here, as the left-hand-side
is determined by our choice of non-dimensionalizing ¢ and z. The hydrostatic relation is unchanged
by non-dimensionalization — no small parameter appears in front of either term. (Why does this
make sense?)

Thermodynamic Equation

Db
Starting from THt +wN? = 0 and substituting the scales above,

foU? L Dyb

ZHY L N2 =0,
L H Dt Nw=0

Note, we have not chosen the non-dimensionalization of w yet! How should we choose the scale for
w? The answer comes from mass conservation.

Continuity Equation
The anelastic continuity equation is

du Ov  19(pw)

%6,1; p 0z

Non-dimensionalizing the horizontal terms (but leaving w dimensional),

Udi , Udb , 11dpw
Lo: Loy Hp 0z

and dividing by U/L,

ou 00 L 10pw
~+ =4+ —=—-——7—=0
or oy UHp 0z
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Therefore, if we choose
UH .
W~ ——W
L

then the continuity equation becomes completely non-dimensional:

on 00 10(p0)
T - 2
oo T e T 2)

However, our choice of how to non-dimensionalize w may not be optimal, and we will see the
ramifications of that decision later.

Returning to the Thermodynamic Equation

Now that we have a scale for w, we can return to the thermodynamic equation:

foU? L Dyb  N°UH

L oot T @70
Dividing through by fGUL/H,
U Dpb N2H?
77[{ + 2712) — 07
foL Dt = f2L2
i.e.
Db [(Lp\* .
Rol;Jr(If’)w:o (3)
where we have defined NH
LD = fO . (4)

which is called the deformation radius (can you notice what is weird about Eq. (3)7). The defor-

mation radius is the length scale at which Coriolis and buoyancy effects are equally important

in constraining vertical motion. Using Earth-like parameters of N ~ 1072 s7!, H ~ 10* m, and

for~10"%s71

1072 - 10%
10—4

which is exactly synoptic scales! It turns out, this is no mere coincidence.

Lp ~ =10% m ~ 1000 km,

What the Deformation Radius Tells Us

Suppose the length scale of a disturbance is much smaller than the deformation radius (L < Lp),
or small scales. Then Eq. 3 forces w = 0: there is no vertical motion!

Suppose instead that the length scale of a disturbance is much greater than the deformation radius

(L > Lp, or large scales). Then the second term drops out, leaving D—H = 0. In other words,

buoyancy is simply advected by the horizontal flow, i.e. it is a passive tracer. The temperature
does not change following the flow!

Finally, suppose that the length scale of the disturbance is approximately the same as the deforma-
tion radius (L ~ Lp). Then, both terms are the same order, and the vertical velocity and buoyancy
(or temperature) are tied together through this equation. In other words, there can exist a two-way
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coupling between the dynamics (u,v,w) and the thermodynamics (b). This two-way feedback —
where buoyancy anomalies drive vertical velocity, which affects the flow, which affects buoyancy,
etc. — is central to synoptic-scale storms, and one we will spend a great deal discussing in this
course. This is the interesting regime, and it is the one the mid-latitude atmosphere lives in.

The Beta Plane
Finally, we allow the Coriolis parameter to vary with latitude:
f=Jfo+ By,  where [< fo.

Here 3 is an approximation to the change in the Coriolis force with latitude:

_d _d
Cdy  dy

<2Q Sin(go)) — M ~ 1071 1

a sm’

B

We can use scaling to non-dimensionalize this too. Note that L ~ 107° s~! while fy ~ 10~* s~ 1,
so if U ~ 10 m/s and L ~ 1000 km = 10° m, then

U 1
— ~1071 —
L? sm’

which is the same order as 8. Therefore, assume

BH%B:ROLJQOB, f— fofs y— Ly  with fo=1.

Then f = fy + Sy becomes

Rofo 5 — —
Nopry = [F=f+Rroby

fof = fo+

In other words, variations in f only matter if Ro is not small.

The Non-dimensional Equations

Collecting everything (and now dropping the hats for convenience), we have the final non-dimensional
equations:

The Non-dimensional Equations
DR gy Do 10
2) Rogi)—kfu:—gj 5) Roll;l;+(lzj>2wzo
3 %y 6) /= fo+Rofy
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Asymptotic Expansions

Next, we will perform asymptotic expansions on the above equations, in order to understand which
terms balance with which. Since Ro is a small parameter, we can expand each variable as an
asymptotic series in Ro:

u = up + Rouy + O(Ro?) + ...
v=1v9+ Rovi +...
¢:¢0+R0¢1+...

Because Ro is small, the O(Ro?) terms will be very small, and we may safely discard them.

Expanding the Material Derivative

Before substituting into the momentum equations, we must also expand the material derivative
operator itself, since it depends on the velocity field. Writing

D 0 . 0 0 0
E = a"‘(UV) = a+(UO'FROul)%+(U0+ROU1)87y+...,
we can group terms by order in Ro:
D 0
— = | = + (ilo - V)| +Ro [(@i1 - V)] +O(Ro?),
Dt~ |ot — 2
D,/ Dt
Dy/Dt 1/
so that D D D D 9 D
Z _ =0 A 2 Zo_ Y i - et R
Dt = Dt +Ro i + O(Ro?), Dt = a1 + (tp - V), Dt = (1 - V).
Applying this to Du/Dt, and also expanding u = ug + Rouj + ...,
Du . DO 1 . Douo DQU1 D1u0 2
Ft = (Dt +R0Dt> (U0+ROU1) = Dt +RO( Dt + Dt > +O(RO )

Horizontal Momentum Equations

Substituting the expansions (and f = fp+ Ro fy) into the non-dimensional u-momentum equation:

+ O(Ro®) — fovo — Ro Byvo — Ro fovy — Ro® By vy = _% B RO%'

Douyg

Ro D1

Keeping only O(1) terms:

0
fon = 5
geostrophic balance!
foug = — 220
oUo y

So the leading-order flow is exactly the geostrophic wind, as we expected.
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Keeping only the O(Ro) terms:

Ro? -2 = Ro fovs — Ro By g = —Ro%il
Doy Op1 } O(Ro)
Ro Dt + Ro foui + RoByug = —Roa—y
where Dy D, P ) B
Dt = Dt = 5 + (dg - V) = only i, advects!

Notice that the evolution of the flow depends on the O(Ro) terms (or the ageostrophic
wind) — exactly the point we made when we first introduced @,. Cleaning up, and recognizing that
the zero-th order zonal and meridional winds are actually the geostrophic winds (ug4, vgy), and the
first order zonal and meridional winds are the ageostrophic winds (ug, v4), we have:

Dgug . 8¢1

989 foua — By vy = — ot (5)
Dy __O¢

i + foua + Byug = T)y (6)

These are the quasi-geostrophic momentum equations. These equations are called quasi-geostrophic
because the flow is almost but not exactly in geostrophic balance. Notice how the velocity that
advects momentum is taken to be just u, — only the geostrophic wind advects momentum around.
However, the evolution of that very geostrophic flow is controlled by the small ageostrophic (un-
balanced) part. So “quasi-geostrophic” captures the idea that the dynamics are dominated by
geostrophic balance (hence “geostrophic”), but retains just enough of the next-order ageostrophic
physics to allow the flow to actually change in time.

Continuity Equation

Substituting the expansions into the continuity equation:

Oug Ovg ouq ovy 1 G(ﬁwo) 1 a(ﬁwl)
8x+0y+Roax+R08y+ﬁ 0z + 0,5 0z
Keeping only O(1) terms:
Oug Ovg 1 8(ﬁw0) B 6(5@00) o
ox 8y+,5 0z =0 - 0z =0
—_———

=0

since the geostrophic wind is horizontally non-divergent. Note that if we integrate the above, we can
conclude that if wy = 0 somewhere, then wy = 0 everywhere, since the derivative of wy must be
zero. Since wy must be zero at the surface, this leads us to conclude that wy = 0. The “geostrophic”
vertical velocity wind is zero! We could have avoided this solution if we non-dimensionalized w as:

UH ,

w ~ RoTw

which is exactly the scaling for w that we found in the anelastic, incompressible continuity equation.
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Keeping only O(Ro) terms:

Or Oy p 0z

ageostrophic wind  vertical velocity

ouq " ovy la(ﬁwl) —0

This equation says that the horizontal divergence of the ageostrophic wind is exactly balanced by
the vertical stretching of w;. Since we’ve already shown wy = 0, the vertical velocity w; is the
actual, physically meaningful vertical velocity in this system. This makes physical sense: vertical
motion in the atmosphere is not produced by the geostrophic wind (which is horizontally non-
divergent by construction), but instead arises entirely from the small departures from geostrophic
balance (i.e. the ageostrophic wind). Wherever the ageostrophic wind converges horizontally, there
must be upwards motion, whereas wherever it diverges, there must be downwards motion. Cleaning
up, we have the quasi-geostrophic continuity equation.

Ou, Ov, la(ﬁw)
ox dy p 0z

=0 (7)

Thermodynamic Equation

Finally, starting from the non-dimensional thermodynamic equation, we substitute the expansions
b=">by+Roby +... and w = wg + Row; + .... Note that unlike the momentum equation, the
material derivative here carries the horizontal subscript H (for horizontal advection only) but is
otherwise expanded the same way:

Dy Dpy Dy 9
Dt = Dt + Ro Dt + O(Ro?)
so that Dygb Dy b Dy b Dy b
H _ H,g%0 H,gV1 H,a0 2
i Dt +R0( e T Dy >+O(Ro ).

Substituting this, together with w = wg + Row; + ... (even though we already know wy = 0), into
the full thermodynamic equation gives

Dir gbo ) Lp\* Lp\*
RoTt—&-O(Ro)—i- T wo + Ro - wy =0,

Keeping only O(1) terms:
2
D=0 —  w=0
12 0 0 )
i.e. the lowest order w is zero (which is consistent with the corresponding result of the scaling of
the continuity equation). In other words, there is no “geostrophic” vertical velocity.

Keeping only O(Ro) terms:

Dy L?
b L =0 8

Dt 0 +w 72 (8)
where Dy /Dt = 0, + (- V), or only the geostrophic wind advects buoyancy at this order. This
is the quasi-geostrophic thermodynamic equation, which tells us that the time evolution
of temperature depends on the vertical velocity! Just as with the momentum equations, it is
the small, O(Ro) part of the flow (w), and not the leading-order geostrophic part, that determines

how the (temperature of the) atmosphere evolves in time.




Summary: The Quasi-Geostrophic Equations
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The O(Ro) equations, together with the O(1) geostrophic and hydrostatic balances that define ,

and by, form the quasi-geostrophic system:

+ Uy - Vg, and the geostrophic wind

The Quasi-Geostrophic Equations
D,u 91
1 g=g o — — _ 7
) Dt Jova = By g ox
Dgv 091
2 9g¥g “ _ _ 7
) foT + foua + By ug 99
Oug  Ov,  10(pw)
3 - =0
) Oox + dy + p 0z
Dgybo L2D _
. D, 0
where only the geostrophic wind advects, Dt = 21
and buoyancy are defined by the O(1) balances
agbo a¢0 a%
fovg =5~ foug oy 5, — 00




Vorticity and Quasi-Geostrophic Vorticity

Chapter 6

Last Modified: November 15, 2026

Where We Left Off

In the last class, we did an asymptotic expansion of the horizontal momentum equations, and
separated terms by the order of their Rossby number. The O(1) terms represented geostrophic
balance:

foro = 220 1)
0
fouo = —;;0 @)

such that we concluded that ug = uy and vg = vy. The O(Ro) led to the quasi-geostrophic
momentum equations:

Dguy B 01
Dyvg _ 9%
i + foua + Byug = 2y (4)

Our goal now is to combine both of these equations into a single equation for the vorticity, a
measure of the local rotation (spin) of the atmosphere.

The Geostrophic Vorticity

Let us take the cross-derivative of the O(1) (geostrophic) momentum equations. That is, we take
0/0x of the first and 9/0y of the second:

0 _ O¢o dvg D¢y
ox <f0v0 B 6x> - Jo oxr  Ox?

) _ O¢o dug 0o
dy <f0u0 Oy ) = Doy, Ty

Subtracting the second from the first, we can derive an equation for the curl of the atmosphere, or
the vorticity:

vy Ouy 1 [0%¢y  D%*¢o
CO = = L 9 + 9
Oz oy fo \ Ox y

or generalizing to the geostrophic wind and vorticity:

_j )= o g _ 1y

30
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Vorticity is a measure of how much the atmosphere is spinning. A low pressure system has positive
vorticity, and a high pressure system has negative vorticity. We can understand why using the
schematics below.

u >0 u<0
v >0 v <0 v <0 v >0
u <0 u>0
ou ov ou ov
— >0, — <0 — <0, — >0
dy 0 oy 0
G=(=)—(+) <0 G=(+)—(=)>0

As we see in Eq. (5), the geostrophic vorticity is also related to the horizontal Laplacian of pressure.
Recall that the Laplacian measures the curvature (or concavity) of a profile. Consider the following
wavy geopotential pattern, where ¢; > 2 > ¢3:

®3
$2

$1
H

At the crests of the wave-like patterns, the profile is concave down (a local maximum), such that
V2¢ < 0. Thus, these areas of local high pressures (labeled H) are associated with negative vorticity.
In contrast, at the troughs of the wave-like patterns, the profile is concave up (a local minimum),
such that V2¢ > 0. Thus, these areas of local low pressures (labeled L) are associated with positive
vorticity. This areas of local high pressures are called ridges, while the areas of local low pressures
are called troughs. The former are associated with negative vorticity and clock-wise motion in the
Northern Hemisphere, while the latter are associated with positive vorticity and counter clock-wise
motion in the Northern Hemisphere.

Exercise: Can you draw the geostrophic wind in the above setup, and diagnose the vorticity from
the direction of local rotation?

However, it is important to note that Eq. (5) is purely a balance equation. It does not tell
you anything about how the flow will evolve in time. It can only tell you, instantaneously, the
relationship between the geostrophic vorticity and the pressure (or geopotential). If we want to
actually predict the time evolution of the flow, we need to turn to the O(Ro) terms.
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The Quasi-Geostrophic Vorticity Equation

Let us return to the asymptotic expansion of the horizontal momentum equations. These are
O(Ro), and after dividing through by Ro:

D,u Op1
lg)tg — fova — 5yvg = _E

D 96 cross-differentiate
gYg _ Y7

Taking 0/0y of the first equation and 0/0x of the second:

y 2 (Bu) g, -p e =20

oy \ Dt 0 oy 4 oy Oxdy
0 (Dgyvy Oug Oug 0?1
2) 8:):<Dt>+f08x +ﬂy6x_ 0xdy

Subtracting, 2) — 1), the pressure terms cancel exactly and we are left with

Dg<3vg_<’7‘u9)+f0<5%+5%>+%+ﬁy<%+3%>:0
N———

Dt \ Ox oy ox oy ox oy
=0

where the last term vanishes because the geostrophic wind is horizontally non-divergent. Recog-
nizing the first term as the material derivative of the geostrophic vorticity, we have:

0
% + (tg - V) G + Bvg = —fo (Vi - Ua) (6)

This is the quasi-geostrophic vorticity equation, and our first, simplified equation that tells
us how the atmosphere (more specifically, the geostrophic vorticity) evolves in time. However, the
evolution of the geostrophic vorticity depends on ,, or the ageostrophic velocity! More specifically,
it depends on the horizontal divergence of the ageostrophic velocity. Recall that the ageostrophic
velocity is an O(Ro) term. Thus, this equation is called “quasi-geostrophic”, since it includes a
correction to geostrophy, namely through the divergence of the ageostrophic velocity. This is an
again an example of how the small terms matter for the evolution of the total flow of the atmosphere.

It is important to note that this is not quite a complete system. While the left-hand-side is only
a function of the geostrophic velocities and vorticity (the latter which itself is a function of the
former), the right-hand-side is completely dependent on the ageostrophic velocity. Thus, if we
wanted to complete this system, we would need a way to describe the ageostrophic velocities. More
on this later!

Let’s rewrite the vorticity equation by combining the relative vorticity advection ((#4 - V)(,) and
planetary vorticity (8vy) into a single advection term:

0
S — —lly V) (Gt J) —fo(Vi-d),  where  f=fo+Py

vorticity advection  vorticity stretching

where we have used the fact that planetary vorticity increases with latitude, so that (i,-V)f = Bu,.
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Understanding the Vorticity Advection Term

Let’s try to understand the vorticity advection term first. Again suppose an idealized wavy state
of the atmosphere in the 500-hPa geopotential, where ¢1 > ¢ > ¢3:

(<0 Uy (westerly flow) (, <0 b3
P2
$1

H L H L
¢ >0 ¢ >0
| Region 1 A Region 2 ]é Region 3

We know that there the geostrophic wind is westerly (blue arrows), following the lines of constant
geopotential. The relative vorticity is the Laplacian of the geopotential, so it is most cyclonic
(g > 0) at the trough axes (L) and most anticyclonic (¢, < 0) at the ridge axes (H). This means
that, moving from west to east, there is a gradient in vorticity, though the sign depends on where
one is within the wave pattern.

Next, let us split the wave into two regions: Region 1, which lies between a ridge and the down-
stream trough, and Region 2, which lies between a trough and the downstream ridge.

Relative Vorticity Advection

Relative vorticity advection is quite literally, the advection of relative vorticity.
Region 1:  (ig-V)(, >0 = —(Uy-V){ <0

Region 2:  (ig-V)(, <0 = —(Uy-V){ >0

In Region 1, the wind is blowing across a region that increases from negative vorticity (ridge) to
positive vorticity (trough). This means that the geostrophic wind is advecting negative vorticity,
such that the relative vorticity advection term is negative, or (i, - V) (y > 0. The net effect of this
is that over time, in region 1, the vorticity will tend to decrease. In other words, there will be an
increase in the anticyclonic vorticity and a high pressure will build. This is called anticyclonic
vorticity advection (AVA).

In Region 2, the relative vorticity advection term is positive, because the wind is blowing from a
positive vorticity region to a negative vorticity region. Therefore, in region 2, the vorticity will tend
to increase. In other words, there will be an increase in the cyclonic vorticity and a low pressure
will deepen. This is called cyclonic vorticity advection (CVA).

Exercise: Can you deduce what the relative vorticity advection term is at points A (trough axis)
and B (ridge axis)? What about in region 37
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Planetary Vorticity Advection

On the other hand, planetary vorticity advection is the advection of the Earth’s background vorticity
gradient; the Coriolis parameter increases as one moves from equator to pole, such that a southerly
wind advects low planetary vorticity, while a northerly wind advects high planetary vorticity.

Region 1: v, <0 (southward flow) = —pv,; >0

Region 2: v, >0 (northward flow) = —fv, <0

In Region 1, where the planetary advection term is positive, the vorticity will tend to increase, since
southward flow advects higher planetary vorticity. In contrast, in Region 2, where lower planetary
vorticity is advected from the south, the vorticity will tend to decrease. Notice how planetary
advection has the opposite-signed effect of relative vorticity advection on vorticity tendency.

Vorticity Stretching

The last term in the QG vorticity equation, fo (Vg - i), is fundamentally different from the two
advection terms. Vorticity stretching is the primary way that vorticity is amplified or weakened
locally. Note also that this is the only term in the equation that involves the ageostrophic wind.
We can use a figure-skater analogy to understand vorticity stretching. A rotating column of air
that converges horizontally (owing to the ageostrophic wind), must, by mass continuity, stretch
vertically. As it narrows, to conserve angular momentum it must rotate faster. In contrast, a
rotating column of air the diverges horizontally, must, by the same logic, squeeze (or compress)
vertically. As this column gets squeezed, it must rotate slower to conserve angular momentum.

—> . | «— -« | |
[ oo : .
L T .
Vi -, <0 (convergence) Vi -t >0 (divergence)
—fo (Vi - tig) >0 —fo (Vi -1a) <0
column stretches, ¢, increases column squashes, ¢, decreases

This term is one reason why surface cyclones deepen. Divergence aloft must be balanced by
convergence at low levels, which in turn is associated with vorticity stretching near the surface.
We will make this argument more quantitative in a few weeks. Notice, however, that we have not
found yet how to compute i, from the geostrophic flow alone. The system remains unclosed, and
closing it will require bringing in the other the quasi-geostrophic thermodynamic equation.

The Quasi-Geostrophic Vorticity Equation

¢,
g . -
ot _(ug'v)Cg — Bug — fo (Vi - )
(S —
relative vorticity advection planetary vorticity advection vorticity stretching

1
where (; = %V%Igb is the geostrophic (relative) vorticity, and f = fo + SBy.




Pressure Coordinates and the Quasi-Geostrophic
Geopotential Tendency Equation
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Where We Left Off

In the last class, we showed that the geostrophic vorticity is related to the Laplacian of the geopo-

tential,
Ovg Oug 1 _y

Cg—%—aiyzgvmﬁ,
and derived the quasi-geostrophic vorticity equation:
¢ . .
87;:_(ug'v)CQ_ng_fO(vH'ua) (1)

This is not really a closed equation, because it depends on 4, (the O(Ro) velocity @), and we do
not have an equation for that! Our goal in this lecture is to come up with a closed-form equation.
How do we get 4,7 Let’s return to our asymptotic expansion, this time of the continuity equation.

The Continuity Equation and the Ageostrophic Wind

Recall the (nondimensional) anelastic continuity equation:

ou n ov n 19(pw)

or oy ﬁ@zzo

We expanded each variable in a series in the Rossby number, e.g. u = uy + Rou; + O(Ro?).
Substituting,

dug  Ovg l@(ﬁwo)_{_RO <8u1 dvi  10(pun)

[ [ —_— E—— 2 =
Ox dy p 0z Oz oy p 0z >+O(RO) 0

Grouping the O(Ro) terms, and noting that ug = ug4, vo = vy, and wy = w:

Ou, ~ Ov 1 9(pw
@y ey 19(pw) —0
ox Ay p 0z
—_———
Vi ta the actual vertical velocity

The divergence of the ageostrophic wind is therefore related to the vertical motion. This is ex-
actly the vorticity stretching term in the QG vorticity equation. We can therefore substitute this
relationship into the QG vorticity equation (Eq. 1):

9%y
ot

0z

= (@ V) — Buy+ fo <1a(’_’“’)>
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We have eliminated the ageostrophic velocity term, but now we need an equation for w, which itself
appears in the d(pw)/0z term. We can further simplify the latter term by switching to pressure
coordinates (as we did for the hydrostatic equation).

Pressure Coordinates

Pressure is a popular choice for the vertical coordinate in atmospheric dynamics. So far, we
have used height z in the anelastic equations, though in the preceding lectures we already wrote
hydrostatic balance in pressure coordinates. Consider a small control volume §V = dx dy dz:

; oz
/JI- _______ T
/, 6y
ox

Using hydrostatic balance,

0 0

P —pg = 0z = ——p,

0z Py
the mass of the control volume is

dx oy op

OM = péV = pdxdydz = —

Conservation of mass for this (material) control volume requires

1 D(6M) g D [xdydp 1 D
— = — | ———) =0 ————— (dxdydp) =0
oM Dt 5xc5y5th< g - 5x5y6th( © 0y op)
Expanding with the product rule,
1D@x)  1D@y  1D@) _, G v dw
ox Dt oy Dt op Dt ox Sy  Op
where w = Dp/ Dt is the pressure vertical velocity. Taking the limit of an infinitesimal volume:
ou Ov Ow
I I gy 2
oz + oy + dp 2)

Notice that the continuity equation is much simpler in pressure coordinates. There is no density
term, and the continuity equation in pressure coordinates looks like the incompressible continu-
ity equation. Since pressure decreases with height, upward motion corresponds to w < 0 and
downward motion corresponds to w > 0.

Interpretation:

w <0 Ou/0zx < 0 (convergence)

Ow/0p >0, w(surface) =0
—_— b

surface

Suppose that near the surface, where w = 0, there is horizontal convergence. This requires that
Ow/dp > 0, or w < 0 above the surface, i.e., rising motion.
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The QG Vorticity Equation in Pressure Coordinates

We now rewrite the QG vorticity equation in pressure coordinates, and re-dimensionalize. The
geostrophic vorticity is
1
G =5V
7 fo
but here ¢ is the scaled pressure perturbation (recall from Anelastic equation), and V is taken
along surfaces of constant pressure. Substituting in, we have

%av ¢ =—tg-V (fov ¢> — Bug = fo (V- Ua)
From continuity (EQ. 2), and since the geostrophic wind is non-divergent, V - i, = —0w/dp, where

w is the O(Ro) pressure vertical velocity (the leading-order wy vanishes, as before). Thus:

1

15)
v%) — Bu, + foa—;j (3)

Here, it becomes clear that vortex stretching (Jw/dp > 0) increases the local rate of vorticity
generation. Now we need to eliminate figure out how to write w in terms of ¢ and/or the geostrophic
velocities, which will complete specification of the system. Doing this requires the use of the
thermodynamic equation.

The Thermodynamic Equation in Pressure Coordinates

We previously derived the thermodynamic equation under the anelastic approximation in z-coordinates:

—_— N* = 4
D1 +w 0 (4)
where .
g 00 2 —4 =2
Z_— =N*“=~10
0 0z 5

In pressure coordinates, the thermodynamic equation has a similar form:

DyT

i —Spw=0 (5)

where S), is the static stability parameter in pressure coordinates:

T 00

P g op

Since 6 increases with height in a stably stratified atmosphere (06/dp < 0), S, > 0.

As we observed earlier, we need to write w as a function of ¢ in order to close the system. Under
the quasi-geostrophic approximation, only the geostrophic wind advects, such that we can expand
Eq. (5):

oT oT oT

Tt T Vgy TGy w1 =0
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Since we want to write the above in terms of ¢, we need a relationship between T and ¢. This is
obtained from hydrostatic balance (in pressure coordinates),

0 RT 0

Op D R 0p

Substituting,
pddp p 00y p I I

_po99 _p,699 P, 29 g =0
ROtp R 90xdp R ayap P

where p can be brought outside of the ¢, z, and y derivatives because we are in pressure coordinates.
Multiplying through by —R/p and defining

_ RS,  RT O

= = - 5

P p Op
we have 9 06 9 96 9 06
atap T azap Tagapy 090
or,

9¢ 99 _
8t<a>+ug'v<6p>+aw—0 (6)

This is the quasi-geostrophic temperature equation in pressure coordinates. As we can see here, we
have specified w as a complete function of both ¢ and !

The Quasi-Geostrophic Geopotential Tendency Equation

Now, we can combine Eq. (3) and (6), to obtain a single equation that tells us how the atmosphere
evolves in time. In particular, we will need to take the derivative in pressure of Eq. (6) to obtain
a Ow/0p term.

Treating o as a constant (is this a valid assumption?), we multiply Eq. (6) by fo/o and take 9/0p:

f032¢+@uﬁ%+fo 9 0¢
8p o Opot o Y0x Op g@ya

+ fo >=0

or rearranging:

fo? (06\ _ _fo O w206 009 _fiw
cop\ot) ocop\ Y0rdp ' Y0yop O ap

From before, the quasi-geostrophic vorticity equation in pressure coordinates is (Eq. 3):

10
fo Ot

2 — it Lo\ Ow
o ¢ V<fov¢>> ng+f00p

We observe that both equations contain fy dw/dp, so we can eliminate w. From the thermody-
namic equation, we write

L 0P fod (L 00
%9p T o otop2 sop\ Y " op
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Substituting into the vorticity equation:

9P fod 0¢

— V% =—-1,- V[ =V - _f000%  fo o 0, V=

¢ to < ¢> By o Otdp? o Op tg Op

Multiplying by fo, collecting the time derivatives on the left-hand side, and combining the relative
and planetary vorticity advection as in the last lecture (i, - Vf = fvg), we arrive at the quasi-
geostrophic geopotential tendency equation:

AV j 1, feo . ¢
(V +UapQ>8t —foug-V<f0V¢+f> aap<u9'v<0p)> "

~~

(1) local geopotential tendency (2) vorticity advection (3) differential temperature advection

This equation is closed: given ¢ at some instant (from which @, follows), we can solve for the
geopotential tendency 0¢/0t, without needing to know w or #,! Let’s go through each term to
understand what this equation means.

Interpreting the Geopotential Tendency Equation

To make things easier for ourselves, let x = d¢/0t denote the geopotential tendency.

Term (1): Local Geopotential Tendency

Term (1) involves second derivatives of x in space. For wave-like patterns, the second derivative of
a sinusoid is proportional to minus itself, so

f2 82
<V2+0(_]apg X X —X (8)

Thus, where the right-hand-side forcing is positive, x < 0 and geopotential heights fall; where the
forcing is negative, y > 0 and heights rise.

Term (2): Vorticity Advection

Term (2) is proportional to the advection of (absolute) vorticity. Suppose an idealized wavy state
in the 500-hPa geopotential (see figure on the next page), where ¢y > @1 > ¢2 and the flow is
westerly:

Between the ridge and the downstream trough, the westerly flow blows from negative (anticyclonic)
vorticity toward positive (cyclonic) vorticity, so the geostrophic wind advects negative vorticity into
the region. The vorticity advection term is negative, which by the argument for term (1) means
x > 0: heights rise. Between the trough and the downstream ridge, the flow advects positive
vorticity, the vorticity advection term is positive, and xy < 0: heights fall. At the trough and ridge
axes themselves, the vorticity gradient along the flow vanishes, and there is no vorticity advection.

The net effect is that heights rise upstream of the trough and fall downstream of it, so the trough
(and similarly the ridge) moves eastward. Vorticity advection usually does not change the strength
of the disturbance; it only propagates it to the east. Overall, our conclusions are the same as
those we made from the QG vorticity equation; indeed, this term is no different from the vorticity
advection term in the QG vorticity equation.
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west - east
Ug P2

V¢ <0 V¢ >0 V3¢ <0
adv. term < 0 adv. term > 0
Vix <0 Vix >0
x>0 x <0

Term (3): Differential Temperature Advection

20 0
B (L g
o Op dp
From hydrostatic balance, we know that d¢/0dp ~ —T', so this term is proportional to:

o
o Op w

temperature advection

The third term is:

Therefore, the third term is proportional to the change of temperature advection with pres-
sure, otherwise known as the differential temperature advection! Using Eq. (8) again yields:

0
~— (=, - VT
ap ( g )
which tells us that when temperature advection increases with decreasing pressure (i.e., the
warm advection gets stronger, or the cold advection gets weaker, as we go up in the atmosphere),

— (—u,-VT) <0 — X < 0 (geopotential height falls)

Conversely, when temperature advection decreases with decreasing pressure (the warm advection
gets weaker, or the cold advection gets stronger, as we go up in the atmosphere),

8817 (—ty-VT)>0 = x >0 (geopotential height rises)

Notice that if the temperature advection is the same at all levels, no matter how strong, this term
does not change the geopotential at all. It is not the temperature advection itself that matters,
but how it varies in the vertical. The differential temperature advection term plays the role of the
vorticity stretching term in the quasi-geostrophic vorticity equation, and we will undertake a series
of arguments to exactly understand why.
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Consider a layer of warm advection between 500 hPa and 1000 hPa that is localized in both
the vertical and the horizontal: the warm advection is strongest in the middle of the layer (a
maximum in p) and at the center of the diagram (a maximum in z), weakening in all directions
away from that point:

height rises above level of max. warming
Op(temp. adv.) >0, 9J¢/0t >0
anticyclonic

height falls below level of max. warming
cyclonic Op(temp. adv.) <0, 9J¢/0t <0
acg/at >0 900 hPa
surface

® i, into page (northward)
® i, out of page (southward)

Above the level of maximum warm advection, temperature advection decreases with decreasing
pressure, so d(temp. adv.)/dp > 0, and heights rise. Below the level of maximum temperature
advection, temperature advection increases with decreasing pressure, so d(temp. adv.)/dp < 0 and
heights fall.

In contrast, cold advection has the opposite effect. Above the level of maximum cold advection,
temperature advection increases with decreasing pressure, so d(temp. adv.)/dp < 0, and heights
fall. Below the level of maximum cold advection, temperature advection decreases with decreasing
pressure, so J(temp. adv.)/dp > 0 and heights rise.

height falls above level of max. cooling
Op(temp. adv.) <0, 9¢/0t <0

cyclonic
an/at >0 500 hPa
cold advection
height rises below level of max. cooling
anticyclonic Op(temp. adv.) >0, 9J¢/0t >0
agg/at <0 900 hPa
surface

Q i, into page (northward)
® i, out of page (southward)

Why is this related to vorticity stretching? As one can see in the diagrams above, a maximum of
warm advection in the middle-layer pushes the heights outwards in both directions: heights rise
above the level of maximum warming and fall below it, so the column “stretches” in the vertical
direction. In contrast, when there is a maximum of cold advection in the middle-layer, the heights
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contract inwards in both directions: heights fall above the level of maximum cooling and rise below
it, so the column “compresses” in the vertical direction.

Consider the case where warm advection maximizes in the middle layer. By geostrophic balance
(¢ = V?¢/fo), we know that falling heights below that temperature advection maxima must be
associated with an increase in the cyclonic vorticity at that level, while rising heights above the
temperature advection maxima must be associated with an increase in the anticyclonic vorticity at
that level. Since vorticity stretching is associated with increasing cyclonic vorticity, while vorticity
compression is associated with increasing anticyclonic vorticity, the increase in cyclonic vorticity
at 900-hPa must be associated with vortex stretching, while the increase in anti-cyclonic vorticity
at 500-hPa must be associated with vortex compression. This suggests that w must change as a
function of p throughout the column. We will revisit this argument more quantitatively in the
future. (Can you figure out the hole in this argument?)

A Simple Intuitive Argument

Recall Charles’s Law: the volume of a gas is proportional to its temperature at constant pressure,

i W
T, Th
If a gas heats up, it expands; if it cools down, it contracts. If the heating (cooling) is next to
the surface, the surface cannot move, so the isobaric surfaces above rise (fall):

expands

contracts

surface surface

Note: it is not the sign of the temperature advection that matters, but its derivative with respect
to pressure!

The Quasi-Geostrophic Geopotential Tendency Equation

5 J3 0 _ - 1 o /30 S 0¢
(v Sy =i v (gvord) - 25 (a0 (-5))

local geopotential tendency vorticity advection differential temp‘e,rature advection
) . RT Oln6 . : -
where x = 0¢/0t is the geopotential tendency, 0 = —— 3 is the static stability
p P

parameter, and f = fo + SBy.
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Atmospheric Vertical Motion

So far, we have talked about the geostrophic winds (u4, vg), the geopotential (¢), and the geostrophic
vorticity ((g4). But what about the vertical velocity?

The vertical velocity is a very important variable. Upward motion is associated with clouds
and precipitation, while downward motion is associated with cloudlessness, clear skies, and dry
conditions. Therefore, vertical motion is one of the most consequential components of a synoptic-
scale storm.

However, recall that w is around three orders of magnitude smaller than u and v, which makes it
very hard to observe directly. Therefore, it would be great if we could instead infer w from the
relationship between u, v, and ¢. Our goal for this section is to derive and understand the omega
equation, an equation that allows us to determine the vertical velocity of the atmosphere from its
three-dimensional state.!

Before we do this, it behooves us to return to how we arrived at the quasi-geostrophic geopotential
height tendency equations. Recall the quasi-geostrophic vorticity equation (in pressure coordi-

nates):
1 _y (09 . 1 o ow
il )= .. il — == 1
57 () == (57%0) - u o, W
as well as the quasi-geostrophic temperature equation (in pressure coordinates):
9 (0¢ . ¢
Z(ZF . i = 2
8p<8t>+ug V<ap>—|—aw 0 (2)

where in both equations we have exchanged the order of the spatial and temporal derivatives. In
order to combine these two equations, we noticed that they both included w. Thus, we eliminated
w to get a single equation that told us how ¢ evolves in time (the quasi-geostrophic geopotential
height tendency equation). However, eliminating w means that we lose information about the
vertical velocity.

Notice that both equations also contain the time tendency of ¢. Instead of eliminating w, what
if we instead eliminated the time derivative term, 0¢/0t? In theory, this should also give an
equation that allows us to calculate w given a bunch of other terms. Indeed, we will proceed with
this, and see what we obtain!

!The name comes from the pressure-coordinate version of this equation, which is written for w = Dp/Dt.
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Deriving the Quasi-Geostrophic Omega Equation

For convenience, let x = 0¢/dt denote the geopotential tendency, as before. Our strategy will be
to manipulate each equation so that the time-tendency terms become identical, and then subtract
one equation from the other.

Step 1: The Vorticity Equation
Multiplying the QG vorticity equation (Eq. 1) by fo:
_, Ow
V2X = _fO Ug - VCg - fOﬁvg + f2

Taking 0/dp of this equation, and noting that 9/0p commutes with V? (since V is taken along
surfaces of constant pressure),

o 2
v (55) = fogp (- ) - o852 + 35 ®)

Step 2: The Thermodynamic Equation
Substituting for y, the quasi-geostrophic temperature equation (Eq. 2) becomes:

ox ol B

Taking the horizontal Laplacian of this equation, and noting that o = o(p) only, so that it can be
brought outside of V2,
ox . ¢
o () = w2 v (2)] v @

Step 3: Eliminate the Time Tendency

Notice that the left-hand sides of Eq. (3) and Eq. (4) are identical! Setting the right-hand sides
equal,
0¢ 0 vy 82
2|~ 2 - 207w
Collecting the terms in w on the left-hand side and dividing by o, we arrive at the quasi-
geostrophic omega equation:

<V2+@§;>w=—ha(_ﬁg'v@) + {38(5%) _EVQ [_ﬁg.v<_8¢>} )

Notice that the operator on the left-hand side is exactly the same as the operator acting on y in
the geopotential tendency equation! Both equations come from the same pair of balanced equations;
we have simply eliminated a different variable. Also notice that the omega equation contains no
time derivatives. It is purely a diagnostic equation, which tells us the vertical motion pattern
given the instantaneous state of the atmosphere. In the next section, we will interpret the quasi-
geostrophic w equation.
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Interpretation

Wow, this equation looks very complicated! Let’s try to break it down. Mathematically, the
first term Sj is the pressure derivative of the relative vorticity advection, or the differential
relative vorticity advection. The second term Sy is the pressure derivative of the planetary
vorticity advection, or the differential planetary vorticity advection. The third term S3 is
proportional to the Laplacian of temperature advection. This is because we can use hydrostatic

balance, 0¢/0p = —RT'/p, to rewrite the thermal advection term in terms of temperature,
1 0p R
S3=——V?|—ily, - V|- )| = ——V* (=i, VT
— [ug (81?)] op? ("o VT)

You might also notice that the two vorticity advection terms can be combined into a single differ-
ential absolute vorticity advection term, since i, - V f = Bugy:

0
S1+52:—?%[—69~V(Cg+f)]

Thermal Wind Balance and Quasi-Geostrophic Omega

Before we analyze each individual term, we must first understand the physical meaning of deriving
the quasi-geostrophic omega equation. Recall Equations 3 and 4. We set the left-hand-sides equal
to each other, but what exactly do the left-hand sides mean?

To understand this better, recall that the geostrophic vorticity is related to the geopotential by
1
~fo
where V is taken along surfaces of constant pressure. Taking the derivative with respect to p of
both sides, and noting that 0/0p commutes with the horizontal Laplacian on constant pressure

surfaces,
R N
fo—ap = ap (V <b) =V ap

From hydrostatic balance (in pressure coordinates), the vertical derivative of the geopotential is
related to the temperature,

Gy Ve = folg = V?¢

09 _ BT
op p
so that substituting, we obtain thermal wind balance, except in terms of the vorticity:
¢ 2 (09 Ry
fo2=v ( =-——V°T 6
op op p ©)

where p can be brought outside of V2 because we are in pressure coordinates. Just like the thermal
wind balance equation for the geostrophic wind, this version of thermal wind balance relates the
vertical shear of the geostrophic vorticity to the horizontal gradients (or, the Laplacian) of
temperature! A local temperature maximum (V2T < 0) requires 9¢,/0p > 0, i.e., the vorticity must
decrease with height (become more anticyclonic aloft and more cyclonic below), consistent with the
warm-core picture from the geopotential tendency lecture. In contrast, with a local temperature
minimum (V27 > 0), the vorticity must increase (become more cyclonic) with height. In other
words, warm-core cyclones have vorticity decreasing with height, while cold-core cyclones have
vorticity increasing with height.
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Let us next take the time-derivative of Equation (6), for reasons which will become clear shortly:

0 (0 R O
g (52) =25 v°n) @

This equation states that if the atmosphere is to remain in thermal wind balance as it evolves,
then any change in the vertical shear of the vorticity (left-hand side) must be accompanied by
a corresponding change in the horizontal Laplacian of the temperature (right-hand side). Notice
that the left-hand side involves the time tendency of the vorticity, which is governed by the QG
vorticity equation, while the right-hand side involves the time tendency of the temperature, which
is governed by the quasi-geostrophic thermodynamic equation. Thermal wind balance therefore
links the two equations together. Furthermore, notice that the left-hand-side of Equation 7 is equal

I G R T IRE)

which is exactly equal to the left-hand-sides of Equations 3 and 4. So their two left-hand sides
are actually the time tendencies of the two sides of thermal wind balance! Therefore,
requiring the left-hand sides to be equal is the same as requiring the flow to remain in exact
thermal wind balance as it evolves in time. We will expand on this more later.

Interpreting the Source Terms

So how do we interpret the quasi-geostrophic omega equation? Let us step through each term
individually. Recall that, since the operator on the left-hand side is related to the second-derivative,
w is anticorrelated with the source terms. Since upward motion corresponds to w < 0 in pressure
coordinates, then

S >0 = w <0 (ascent), S <0 = w >0 (descent)

S1: Differential Vorticity Advection

If the vorticity advection, —i, - V(,, increases with height (i.e., increases with decreasing pres-
sure), then
0

. 9 .
o (—ty-V¢y) <0 — o (tdg-V(y) >0 — S1>0 — w <0 (ascent!)

In other words,

e cyclonic vorticity advection increasing with height, or anticyclonic vorticity advection de-
creasing with height leads to w < 0, or ascent

e cyclonic vorticity advection decreasing with height, or anticyclonic vorticity advection
increasing with height, leads to w > 0, or descent

Sy: Differential Planetary Vorticity Advection

Sy is also a differential vorticity advection term, but of the planetary vorticity, since i, -V f = [v,.
Its interpretation is the same as S;; when planetary vorticity advection increases with height,
there must be ascent, and when planetary vorticity advection decreases with height, there must be
descent.
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S3: Thermal Advection

Recall that the thermal advection term can be written as
R
Sy = ——V?(~ily - VT
3 op ( Ug )

At a local maximum of warm advection, —, - V1" has a local maximum, so
V2 (~ily - VT) <0 — S3 >0 — w <0 (ascent)

Similarly, a local maximum of cold advection leads to w > 0 (descent).

We could, very easily, stop here and leave you to memorize these relationships. But it is much more
instructive to interpret the meaning of this. As we shall see shortly, this will give us deep insight
into the behavior of the atmosphere on synoptic scales.

Thermal Wind Balance and (Geostrophic Advection

To build intuition, it is easier to think in terms of height rather than pressure. Since pressure
decreases with height, thermal wind balance (Eq. 6) can equivalently be written as

Ouyg or ¢y 9
9 e “hg
X y and fo L X VoI

i.e., the vertical shear of the geostrophic wind (vorticity) must be consistent with the horizontal
temperature gradient (Laplacian). Let us now ask what advection by the geostrophic wind does to
each side of this balance. We consider two cases, in an x—z cross-section with two levels z1 < z».

A A

-+ 29 aactg >0 -+ 29 T /ot =0
oT
z z - >0
G 5
+ 21 % >0 +4 21 T /ot =0

X X

Case 1 Case 2

\]
\]

Case 1: Differential Vorticity Advection

Suppose there is cyclonic vorticity advection (CVA) at both z; and 29, but it is stronger at z9, i.e.,
the CVA increases with height. According to the QG vorticity equation,

=2 =~y -V (G + f) — fo (V- )

and ignoring the ageostrophic term for now, the vorticity increases at both levels (9¢,/0t > 0), but
it increases more at zp than at z;. Thus, 9(,/0z increases. However, vorticity advection does
nothing to the temperature, so V27 does not change. The vertical shear changes, but not
the horizontal temperature gradient! Thermal wind balance is being disrupted.
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Case 2: Thermal Advection

Now suppose there is a local maximum of warm air advection (WAA) centered at some level z*
between z1 and z3. Importantly, the WAA is localized in the horizontal: it is strongest at the
center of the diagram and weakens away from it. According to the QG thermodynamic equation,

%—f = —tg-VI'+ S,w

and ignoring the vertical motion term for now, the temperature increases (97/9t > 0) most strongly
at the center of the WAA, and less so away from it. This creates a local horizontal maximum of
temperature at z*, so V2T decreases there. However, there is no vorticity advection, so 0¢,/0z at
z* does not change. The horizontal temperature gradient changes, but not the vertical
shear of vorticity! Thermal wind balance is being disrupted.

A central point being made here is that in both of these cases, advection of either vorticity or
temperature by the geostrophic wind is destroying thermal wind balance! This is quite insightful,
as it means that the primary balance in the atmosphere is continuously disrupting itself.

Restoring Thermal Wind Balance

If geostrophic balance is constantly disrupting thermal wind balance, why do we see an atmosphere
that is in thermal wind balance? One way that this could be true is if thermal wind balance is
somehow restored by another process. In fact, as we saw earlier, when deriving the quasi-geostrophic
w equation, we required the flow to remain in exact thermal wind balance in time. Since thermal
wind balance relates horizontal temperature gradients to vertical wind shear, we have two choices:

e increase the vertical wind shear
e decrease the horizontal temperature gradient.

Let’s first focus on how thermal wind balance is restored through modification of the horizontal
temperature gradient. Looking at the quasi-geostrophic temperature equation (Equation 2), the
only other way to change temperature, besides advection, is through the vertical velocity. Let us
write the quasi-geostrophic temperature equation in terms of 7' directly:

T _
ot

where S, > 0 for a stably stratified atmosphere. If the advection term is zero, then:

—iiy - VT + Spw (8)

e when w < 0, a parcel cools, since it moves to lower pressure and expands adiabatically
e when w > 0, a parcel warms, since it moves to higher pressure and compresses adiabatically

It turns out that the vertical motion from the QG omega equation is exactly that which is needed
to restore thermal wind balance! Let us revisit our two cases.

Case 1 Revisited: Differential Vorticity Advection

The cyclonic vorticity advection increasing with height has increased 9(,/0z. To restore thermal
wind balance, V2T must also increase, which means we need to generate a local minimum of
temperature between z; and zy. This requires cooling, i.e., upward motion, so that 97/9t < 0
between the two levels.
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This is exactly what the QG omega equation predicts: cyclonic vorticity advection increasing with
height means S; > 0, and thus w < 0 (ascent), helping to restore thermal wind balance!

A A

(‘% ot

T T

\]
\]

ascent cools: V2T increases ascent cools, offsetting the WAA

Case 2 Revisited: Thermal Advection

The local maximum of WAA has decreased V2T by generating a local maximum of temperature.
To restore balance, we need to cool the air where the warm advection is occurring. Upward motion
is associated with adiabatic expansion (cooling), which offsets the increase in temperature from
the WAA.

Again, this is exactly what the QG omega equation predicts: a local maximum of warm advection
means S3 > 0, and thus w < 0 (ascent), helping to restore thermal wind balance!

Connecting to Vorticity Stretching and Compression

The vertical motion does not only change the temperature. By continuity, a vertical motion that
varies with height must be accompanied by horizontal convergence and divergence, which change
the vorticity through vortex stretching and compression. Recall the vortex stretching term in the
QG vorticity equation (Eq. 1),
%y
ot

In both of our cases, the ascent is strongest in the middle of the layer (near z*) and weaker above
and below it. This has consequences for the vorticity tendency at both levels.

Oow
_..._|_f087

Below the level of maximum ascent, the upward motion increases with height, so air must converge
horizontally to conserve mass. This means that w becomes more negative with decreasing p, such
that dw/Jdp > 0. In other words, the column is stretched, and the vorticity increases, or becomes
more cyclonic.

Above the level of maximum ascent, the upward motion decreases with height, so air must diverge
horizontally to conserve mass. Here dw/dp < 0, the vortex columns are compressed, and the
vorticity decreases, or becomes more anticyclonic.

The net effect is that the vorticity increases below and decreases above, so the ascent decreases
0(y/0z. It turns out this is exactly what is needed to help restore thermal wind balance in both
cases!
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A
2 divergence, dw/dp < 0
+ — E—— .
compression: (, decreases
z T2t max. ascent Ow/0p =10
. convergence, Ow/dp > 0
-+ > -— . .
! stretching: (, increases
z

Net effect: 9¢,/0z decreases

In Case 1, the CVA increasing with height increased 0(;/0z. The vortex stretching below and
compression above partially undo this increase, while the adiabatic cooling increases V2T to match.
Together, these two effects bring both sides of the thermal wind balance equation back into agree-
ment.

In Case 2, the WAA decreased V>T, so thermal wind balance requires 0(y/0z to decrease as well.
The vortex stretching below and compression above do exactly this, while the adiabatic cooling
partially offsets the decrease in V27T'. Again, these two effects bring both sides of the thermal wind
balance equation back into agreement.

From this analysis, we can clearly see that the vertical motion restores thermal wind balance
by acting on both sides of the balance at once: it changes the temperature through adiabatic expan-
sion and compression, and it changes the vertical shear of vorticity through vortex stretching and
compression. Neither effect alone is sufficient. The quasi-geostrophic omega equation determines
precisely the vertical motion for which the sum of these two effects keeps the atmosphere in thermal
wind balance at all times. This is also why the vorticity stretching term in the quasi-geostrophic
vorticity equation and the differential temperature advection term in the geopotential tendency
equation are so closely related, since both describe the vertical motion’s role in maintaining ther-
mal wind balance!

Summary

The next time you are outside, and it is precipitating owing to the passage of a synoptic-scale
storm, you are actually experiencing the atmosphere’s way of restoring thermal wind balance!
This is because thermal wind balance is continuously destroyed by itself, through advection by
the geostrophic wind. Vertical motion is required to restore thermal wind balance by changing the
temperature (through adiabatic expansion and compression) and the vertical shear of vorticity
(through vortex stretching and compression), so that the two remain consistent.
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Jet Streaks and Synoptic-Scale Storm Development

We are now equipped with the ability to analyze jet streaks, which are often associated with
the development of synoptic-scale storms. Consider a westerly jet streak at 500 hPa, where the
geopotential contours converge as the flow enters the jet. Here ¢1 < ¢2 < ¢3, so that u, ~
—0¢/dy > 0, and the isotachs (dashed) satisfy u; < ug < ug:

500 hPa ”
b1

westerly jet

To simplify, suppose the 1000-hPa geopotential is flat (zero everywhere), so that the 500-hPa
geopotential is also the thickness, i.e., the contours of ¢ are also isotherms.

At point A, the geostrophic flow is accelerating downstream, so the advection of momentum

0
—ug% <0

reduces uy at the entrance of the jet. In other words, duy/0t < 0 at Point A. On the other hand,
the thermal advection is ~ 0, since i, is parallel to the contours of ¢ (which are the isotherms).

Next, recall thermal wind balance:
Ouy 0T

0z N_ﬁiy

Since Ouy/0t < 0 at Point A (500-hPa) but uy = 0 at the surface, the shear du,/0z decreases
over time. However, the thermal advection, @, - VT, is zero. This means that the meridional
temperature gradient does not change. Because the vertical shear is changing, but the meridional
temperature gradient is not, thermal wind balance is being disrupted. In other words, we see yet
another example where geostrophic advection destroys thermal wind balance.

Let us investigate further by looking along a y—2z cross-section through B, A, and C, with the jet
(into the page) at Point A:

jet
Be AR e C

< sinking air rising air

warms adiabatically cools adiabatically
Y

surface

cold warm
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Since momentum advection will decrease the zonal velocity at Point A, eventually the vertical wind
shear will become too weak for the existing meridional temperature gradient. We can reduce the
meridional temperature gradient by cooling at Point C, and warming at Point B. Looking at the
quasi-geostrophic temperature equation (Equation 2), the only other way to change temperature,
besides advection, is through the vertical velocity. Therefore, to weaken the meridional temperature
gradient and restore thermal wind balance, we need ascent on the warm, equatorward side of the
jet (Point C), and descent on the cold, poleward side of the jet (Point B). The resulting transverse
circulation is drawn by the green arrows above. This is called a thermally direct circulation,
since warm air rises and cold air sinks.

Is This Consistent with the Quasi-Geostrophic Omega Equation?

Let’s return to the plan view. North of the jet axis (near B), the vorticity is cyclonic (¢4, > 0), and
it increases downstream as the jet strengthens. The westerly flow therefore advects lower vorticity
from upstream, i.e., there is anticyclonic vorticity advection (AVA) at B. South of the jet axis
(near C), the vorticity is anticyclonic (¢; < 0) and becomes more negative downstream, so there is
cyclonic vorticity advection (CVA) at C.

A
500 hPa
Gg>0
b1 w > 0 (descent)
1 A ’ == /,’ =
4 P2 = STAN hd U u3 ‘-~ _
¢3 B
w < 0 (ascent

\]

X

At B, the vorticity advection is negative, such that the vorticity advection decreases with height
(from the surface). This means S; < 0 and w > 0, or descent.

At C, the vorticity advection is positive, such that the vorticity advection increases with height
(from the surface). This means S; > 0 and w < 0, or ascent.

Notice that this is exactly the vertical motion that we deduced was required to restore thermal
wind balance! What happens at the surface below Points B and C?

As we learned earlier, a maximum of vertical velocity at mid-levels coincides with vortex stretching
near the surface, and vortex compression aloft. In other words, there is convergence and increasing
cyclonic vorticity at the surface below Point C, and divergence and increasing anticyclonic vorticity
in the atmosphere above Point C. Likewise, there is divergence and increasing anticyclonic vorticity
at the surface below Point B, and convergence and increasing cyclonic vorticity in the atmosphere
above Point B. Notice the similarity with the diagram on Page 8.

This is why surface cyclones tend to develop beneath Point C, which is also called the right jet
entrance, where divergence aloft draws air upward and the resulting surface convergence stretches
the column and increases cyclonic vorticity. Notably, it is also the region where cyclonic vorticity
advection increases with height, which must have upwards motion to restore thermal wind balance.
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In contrast, surface high pressures tend to develop beneath Point B, which is also called the left jet
entrance. There, convergence aloft is associated with sinking air, and vortex compression increases

surface anticyclonic vorticity.

If we generalize to the jet exit region, the pattern reverses (can you work out why?), as shown in the
figure below. Below Point E, surface convergence is associated with mid-level ascent that can be
diagnosed from the increasing cyclonic vorticity advection with height. Like the right jet entrance
region, surface cyclones tend to develop in the left exit region. In contrast, increasing anticyclonic
vorticity advection with height occurs in the right exit region, which also must be associated with

descent and surface divergence. Like the left jet entrance region, surface anticyclones tend to

develop in the right exit region.

convergence aloft divergence aloft
stretching: ¢, 1T (L) <[> et <= compression: ¢, | (H)
sinking air rising air
warms adiabatically B C cools adiabatically
divergence below —T—= “— convergence below
compression: ¢, | (H) 2 stretching: ¢, 1 (L)
cold surface warm

\
500 hPa
left entrance left exit
w > 0 (descent) w < 0 (ascent)
surface high surface cyclone
¢1
e T T e
Y P2 . —AO—= -Us—Q@D-U2
T~ COo. Tt ---- T __OF -

right entrance
w < 0 (ascent)
surface cyclone

right exit
w > 0 (descent)
surface high

\]

The Quasi-Geostrophic Omega Equation

2 92
o fo 0| _fId, fodByy 1| o o (09
V,+ a@pQ]w_ Jap( Ug - Vply) + s UVP Ug - Vp o
———

~
differential vorticity advection differential planetary
vorticity advection

~
thermal advection

e Differential vorticity advection and thermal advection (advection by the geostrophic

wind) tend to disrupt thermal wind balance

e Vertical motion arises in response, in order to restore thermal wind balance
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Issues with the Quasi-Geostrophic Omega Equation

While the quasi-geostrophic omega equation is able to tell us where there is vertical motion given
source functions on the right-hand-side of the equation, it turns out that the thermal advection
term (S3) often cancels out with the differential vorticity advection term (S7). To see this, consider
the following x—2z cross-section, with a basic zonal flow that has no dependence on z, and a warm
region upstream of a cold region:

- 0 O

5 warm ° cold
= O

This structure is in thermal wind balance: fy 9¢;/0z < V4T ~ —T, so the vorticity decreases with
height over the warm region (cyclonic below, anticyclonic above) and increases with height over
the cold region.

z
A

> T

Next, let us consider both the thermal advection and differential vorticity advection at Point A.

At point A, there is a maximum of warm advection (S3), which will force ascent at Point A.
Taken alone, the warm advection changes V%,b (the horizontal gradient of temperature) at A,
without any change to 0(;/0z. Therefore, ascent is required to reduce the horizontal temperature
gradient at Point A and restore thermal wind balance.

At the same time, the vorticity advection is positive below Point A and negative above Point A.
The cyclonic vorticity advection thus decreases with height, which is associated with descent.

Therefore, the vertical motions associated with differential vorticity advection and thermal advec-
tion are of opposite sign! And, in fact, one can show that they exactly cancel. Why does this
make sense? It turns out that this atmosphere is exactly in thermal wind balance, and the advec-
tion does not disrupt thermal wind balance, since a vertically uniform flow simply translates the
whole pattern downstream. Thus, there is no need for any vertical motion to restore thermal wind
balance.



Q-Vectors and the Ageostrophic Circulation

Chapter 9

Last Modified: November 15, 2026
Where We Left Off

In the last few lectures, we derived the quasi-geostrophic omega equation in pressure coordinates,
and interpreted it as the vertical motion required to keep the atmosphere in thermal wind balance.
The quasi-geostrophic omega equation is:

2 92
2, f0 0"\ _ SO o el v (99
(v B ) o= 22 @ v+ i) -5 a9 (5 1)
S1,S2: diff. vorticity advection S3: thermal advection

Recall that since the operator on the left-hand side is elliptic, w is anticorrelated with the source
terms on the right-hand side. S > 0 implies ascent (w < 0), and S < 0 implies descent (w > 0).

The Cancellation Problem

In practice, using Eq. (1) to estimate the sign of w from a weather map is difficult. To see why, let
us expand both source terms above using the chain rule. The differential vorticity advection term

is
fo Oty fo o ¢y
S1=—=7=-V( + —i,-V|==
YT o op S o Op
while the thermal advection term is

_ _Ligeay o (92 2 [0y o (P, Oy o (0% 1 2 (09
S = =5 (V') V<8p> o [396 v<5wap>+ Ay V(&WP)] o V[V <3p>]

Recall from the previous notes that thermal wind balance, written in terms of the vorticity, is

g oo (09
fo@ipg_v <3p>

Substituting this into the last term of Ss,

1 9o\ _ Jo . ¢,
ee[e ()]t ()

The two underlined terms are exactly equal in magnitude and opposite in sign! Physically,
these terms describe the geostrophic wind simply translating a pattern that is already in thermal
wind balance, which, as we saw in the previous notes (where warm advection and differential
vorticity advection canceled out for an atmosphere with no shear and in thermal wind balance),
requires no vertical motion at all. As a result, there is often substantial cancellation between Sy
and S3, so that the sign of w depends on a small residual that is hard to determine by eye.

The Q-vector formulation rewrites the right-hand side of the omega equation so that this cancel-
lation is built in from the start, making the sign of the right-hand-side much clearer.

95
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How Does Thermal Wind Balance Change in Time?

Armed with our knowledge that vertical motion exists to restore thermal wind balance, let us
consider the thermal wind balance equations, which we recall in pressure coordinates:

. g, 0 (9o ROT
Thermal lance: L= a )= 2
ermal wind balance fo ap 97 < 8p> » Oz (2)
duy, & (96\ ROT
gy = "oy <<9p> ~p Oy 3)

As we learned earlier, these equations tell us nothing about the temporal evolution of the atmo-
sphere, they simply tell us a balance between horizontal temperature gradients and vertical wind
shear that must exist when the Rossby number is small.

Again, as we learned earlier, the quasi-geostrophic equations tell us the temporal evolution of the
system. Let us recall the quasi-geostrophic thermodynamic and momentum equations in pressure
coordinates:

D,T
QG thermodynamic equation: l;t —Spw=0 (4)
Dt ~
QG momentum equations: lg) 7;:9 = —fok X i, (5)

where Dy/Dt = 0/0t + uy0/0x + v40/0y, and 0 = RS,/p. Recall that the quasi-geostrophic
momentum equations were derived from our asymptotic expansion in Rossby number, and in com-
ponent form, they read
Dguy
Dt

D,v
= fova, gtg = — foua

Now, because we interpreted vertical motion as necessary to restore the atmosphere to thermal
wind balance, we would like to know how the two sides of the thermal wind balance equation

evolve in time, i.e.
D, Ovg\ 2 Dy ROT
Dt (fo 8p> - Dt < D 83:) (6)

where the same can be done for thermal wind balance in the other direction. In order to write an
equation for the time evolution of thermal wind balance, we will need to take 0/0x of Eq. 4, take
0/0p of Eq. 5, and compare the two.

The Time Evolution of the Zonal Temperature Gradient

Taking 0/0z of the thermodynamic equation, and recalling that .S, depends only on p,

0 8£+ (‘)T_H}GE Ow
at "o 90y

oz = 5o
Applying the product rule,
9 (9T o (or O (9T  Oug 0T  0vg 0T _ o Ow
at\oz ) T or \or ) oy\or)  oxr oz  oxr oy Pox

o (5%)
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Multiplying by —R/p (which can be brought inside D,/ Dt, since p is constant along the geostrophic
motion), and using o = RS,/p,

(7)

D, ROTY\ ow R
Dt <—> =—-Q — T where QL =— <

Jug 87T vy GT)
p

Oz x| Oz By

Notice that the left-hand-side of the Eq. 7 is exactly the right-hand-side of Eq. 6. Furthermore,
notice that ()1 contains only geostrophic quantities. It represents the tendency of the geostrophic
flow to change the zonal temperature gradient, following the geostrophic motion (stay tuned!).
The Time Evolution of the Meridional Wind Shear

Next, we take 0/0p of the meridional quasi-geostrophic momentum equation, Dyv,/Dt = — fou,:

Dy (0vg) | OugOvy  Ovg0vg _ _ Oia
Dt \ 9p Op Ox op Oy 0 dp

Multiplying by fo,

Dy s dvg\ iy dug Ovg _ Ovg Ovy _fQBua
Dt \’° ap ) 0 Op Ox 0 dp 0y O ap
—— ——
@ @

We will have to do more work to rewrite this into reasonable form.Notice that both (1) and (2)
contain terms from the thermal wind balance equations (Egs. 2 and 3). Furthermore notice that (3)
can be rewritten using the fact that the geostrophic wind is non-divergent, or dv,/0y = —0u,/0x.

Let’s use thermal wind balance and the non-divergence of @, to substitute (1), (2), and (3):

Dy (1 0u _ R (0T, 0T 0uy\ _ 0u
Dt dp p \ Oy Ox  Ox Oz O ap
Notice that the first term on the right-hand side is exactly Q1! Thus,

D Ovg\ 9 0Ug

We now have time-tendency equations for both sides of thermal wind balance:

Dy

T
o <_R8) =—-Q1 — aa—w (zonal temperature gradient)
x

% < fo%if) =Q1—f2 Otq (meridional wind shear)

For thermal wind balance to be maintained, the two left-hand sides must be exactly equal. But the
geostrophic term, (J1, appears with opposite signs in the two equations! Without the ageostrophic
terms (w, u,), the geostrophic flow would push the temperature gradient in one direction while
simultaneously pushing the vertical wind shear in the other direction, disrupting thermal wind
balance. This is a very powerful result:

Thermal wind balance is continuously destroyed by the very circulation that is in
balance. An ageostrophic circulation (ug, v4,w) must therefore develop to restore it.
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What must the ageostrophic circulation be? Setting the two left-hand sides equal (i.e., subtracting
Eq. 7 from Eq. 8),

Gua 8w

Ow 2
o = 201 = f§

8ua ow
~ %% (9)

0=2Q; — f2

This equation dictates what the ageostrophic circulation (u,, w) needs to be in order for the
atmosphere to re-attain thermal wind balance after the disruption from geostrophic advection!

The Time Evolution of the Meridional Temperature Gradient

To complete our system, we need to perform the same procedure, except for the other dimension
in which thermal wind balance holds. Repeating the same steps for the meridional temperature
gradient by taking /0y of the thermodynamic equation and multiplying by R/p, we obtain

ROT Ow ou, 0T  Ov, OT
= utad h = _ (% g 1
Dt<p 8y> Qﬁa@@/’ where G2 = (33/ 8w+8y 81/) (10)

The Time Evolution of the Zonal Wind Shear

As in the derivation of the time evolution of the meridional wind shear equation, we can take 9/0p
of the zonal momentum equation, Dyuy,/Dt = fyv,, multiplying by fy, and using thermal wind
balance and non-divergence as before, to obtain

D, 0 Ovg
Dt (fo 81?) @t f2 ; (1D

Once again, we see that the geostrophic term appears on the right-hand-sides of Egs. 10 and 11
with opposite signs (+@Q2 and —@Q2). Our interpretation is again the same - the geostrophic wind
acts to destroy thermal wind balance.

Thermal wind balance requires fo Ouy/0p = % 0T /0y, so the two left-hand sides of Egs. 10 and 11
must be equal if thermal wind balance were to be maintained at all times. Requiring this balance
to hold yields,

Ow aa aa 0
Q2+Uf Q2+f2 ’ 2Q)2 f2 / -

Notice the similarities between Eqs. 9 and 12. They are so similar, in fact, that we can combine
them into a singular equation!

The Q-Vector Form of the Omega Equation

We can combine Egs. 9 and 12 into a single vector equation,

20 = f28““ oVw,  where @:(Ql,Qg)——E (‘35;9 VT, %ZQ-VT> (13)

How do we use Eq. 137 Notice that Q is determined entirely by the geostrophic flow, such that the
left-hand-side is determined entirely by the geostrophic flow. Furthermore, notice that the right-
hand-side is determined entirely by the ageostrophic flow. Thus, given the geostrophic flow (the
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left-hand-side), we can use these equations to determine the ageostrophic circulation (ug,vg,w)!
Aha! — we’ve been searching for this equation since time we derived the quasi-geostrophic vorticity
equation. We can actually further simplify this by taking its horizontal divergence:

. ) .
2V -Q = fga—p (Vi) — V3w
Recall from mass conservation in pressure coordinates that V-, +0w/0p = 0, since the geostrophic

wind is non-divergent. Substituting,

5 0w

— — oV
0 6p2

V-G = —

and dividing by —o, we obtain the Q-vector form of the quasi-geostrophic omega equation:

2 82 .
<v2+{fap2)w=—2v-cz (14)

Notice that the left-hand side is identical to the left-hand-side of the (traditional) omega equation
we derived a few lectures ago. However, the right-hand-side has been completely rewritten. Still,
we may interpret w as the vertical velocity that exists in order to restore thermal wind balance. As
noted earlier, this can be seen quantitatively by comparing Eq. 7 to Eq. 8, and Eq. 10 to 11. In
summary,

2 92
Q-vector form: | V2 + fo 07 w = —EV -Q
o Op? o
- fg 0° fod . JoBOvg 1 . ¢
Traditional form: <V2 + ;08792 w= R (—ty - VCg)+7a—5—;V2 —ty -V ~ap

A few remarks on the Q-vector form:

e The Q-vector form tends to obscure the physical interpretation of w, but it fixes the cancel-
lation issue of the traditional form, since the canceling terms never appear.

° —%V . @ is easily calculated from gridded model data, as it depends only on the geostrophic
wind and the temperature on a single pressure level. In contrast, the quasi-geostrophic omega
equation requires vertical derivatives to calculate differential vorticity advection.

e If we had kept 3, an additional term @ 0vg/0p would appear on the right-hand side, just as
in the traditional quasi-geostrophic omega equation.

Interpreting Q-Vectors

Since the operator on the left-hand side of Eq. (14) is elliptic, w is anticorrelated with the right-
hand-side, —%V - (), which means that

w x V- Cj
e Where the Q-vectors converge (V - @ < 0), there is ascent (w < 0).
e Where the Q-vectors diverge (V - Q> 0), there is descent (w > 0).

Q-vectors point away from regions of descent, and towards regions of ascent.
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| w0, | w<0 |
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/ l \ / T \ descent

V- @ > 0 (divergence) V- Q < 0 (convergence)

ascent

> T

The vertical cross-section on the right shows the full ageostrophic circulation implied by 2@ =
f2 i, /Op — oVw: the Q-vector points from descent (w > 0) toward ascent (w < 0). Next, we will
consider some examples to better understand Q-vectors.

Example 1: Meridional Flow Across Zonal Isotherms

Consider zonally oriented isotherms (cold in the north), and a purely meridional geostrophic wind
that varies only in x: southward on the left, and northward on the right, as indicated below:

A COLD

Ty

—ﬁg -VT <0 A~
COLD ADVECTION A

T

v | Q-vector

M —ily-VT >0
i, ¥ WARM ADVECTION

T3

T

T > WARM

Then ug =0, 0T'/0x = 0, and Ovy/Jy = 0, so most terms in @ vanish:

Q—» R | Ouy 0T 0Ovy 0T Oug 0T  Ovg OT R Ovy OT vy
= —_—— —_— —_— —_—— —_—— = —_—_—— 0.8 —_— 0
p | 0x Ox Ox Oy’ Oy Oxr Oy Oy p Ox Oy’ ox’
\\0/\0// \ Y /\0/-/ \_0./ - O,-/
<

The final step makes use of the fact that the meridional temperature gradient is negative, such
that the Q-vector has no y-component, and its x-component points in the direction of dvg/0z.
Therefore, the Q-vector points west where v, decreases with x, and east where v, increases with x,
as indicated in the diagram.

In our set-up, the Q-vectors diverge in the region of southward flow (cold advection), giving de-
scent, and converge in the region of northward flow (warm advection), giving ascent. (Is this
consistent with what we would have deduced from the traditional omega equation?)
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A Graphical Shortcut

In practice, it is not easy to compute @ just by looking at a weather map, which usually has more
complicated flows. Fortunately, there is a shortcut. Let us rotate our horizontal coordinates so:

e 7 points along the isotherms (with cold air to the left), and

e y points across the isotherms, toward cold air (i.e., parallel to —VT).

Y
cold 7 Ty — AT
To
Ty + AT
> T

The Z-direction is often called the thermal wind coordinate. In these coordinates, 0T /0% = 0
and 0T/0y = —|VT], so

G_ R |0u, OT 0n,0T 9y OT 03, 0T| ROT[ 0, i
=-= s pe R e s e

p | 0% 8053' or 0y’ 0Oy 6050 oy 0 p 0y or’ 01
where we have used non-divergence, 904/0y = —01,/0%. Recognizing [—as, a1] = kxa,

o,
0

(15)

@:—E\VT]I%x
p

Since kx rotates a vector 90° counter-clockwise, the minus sign rotates it 90° clockwise, i.e., anti-
cyclonically in the Northern Hemisphere. This gives a simple trick for determing the Q-vector:

Take the vector change of #, along the isotherms, moving forwards with cold air
on the left, and rotate it anticyclonically by 90°. The magnitude scales with
VT

Applying this to Example 1, along the T5 isotherm (moving east), the change in i, points south
on the left side (where the southward wind is strengthening) and north in the middle (where the
wind turns from southward to northward). Rotating these anticyclonically by 90° gives Q-vectors
pointing west and east, respectively, exactly as before. See the diagram below.

A COLD

1o

T1 T A
Y T l Q-Vector T

T3

A 4
diiy/0F  § ¥ Biiy)OF

T,

T WARM
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Example 2: Returning to the Jet Entrance Region

Let us revisit the jet entrance region from the quasi-geostrophic omega notes. As before, suppose
the 1000-hPa geopotential is flat, so that the 500-hPa geopotential contours are also isotherms
(cold to the north). Following the isotherm through Point A toward the east, the geostrophic wind
increases as the flow enters the jet, so 0t,/0% points east. Rotating it anticyclonically by 90°, the
Q-vector at A points south, from Region 1 toward Region 2:

A 500 hPa
Region 1

Cg>0
w > 0 (descent)

b1

b3

Region 2

\]

We can confirm this mathematically. At Point A, the flow is purely zonal and symmetric about
the jet axis, so Jvy/0x = 0, and the isotherms are zonal, so 0T'/0x = 0. The flow accelerates into
the jet, so duy/0x > 0, and by non-divergence Jv,/0Jy = —0u,/0z < 0. Thus,

Or Ox  Ox Oy
s |@] _ R IR
O Q| T p | or oy or| = Q=0 @<l
Oy Ox Oy Oy
—~
| <0 <0 |

The Q-vector points south, so it diverges from Region 1 (descent, w > 0) and converges into
Region 2 (ascent, w < 0). Notice how we obtain the exact same vertical motion from Q-vectors as
from the traditional QG omega equation!

The same reasoning applies at the jet exit, where the flow decelerates as it leaves the jet. There,
O1iy/0% points west, so the Q-vector points north: ascent on the poleward side (the left exit) and
descent on the equatorward side (the right exit). The ascent in the left exit is accompanied by
divergence aloft and convergence (vortex stretching) below, which is why the left exit region of a
jet streak is a favored location for surface cyclone development. Next, let’s take a closer look at
the ageostrophic circulation in the jet cross-section.

The Ageostrophic Circulation Across the Jet

Since @1 = 0 and Q2 < 0 at Point A, let us look at the two equations for the meridional temperature
gradient and the vertical wind shear (Egs. 10 and 11). It is convenient to multiply Eq. (11) by —1,
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since —Ou,/0p > 0 when the westerlies increase with height:
Dy (ROT ow D, Oug\ 90V,
Dt (p@y)_Q2+U8y’ Dt< foap =Q2— [ ap

Thermal wind balance requires — fo Quy/0p = —% 0T /0y: the westerly shear (positive) must match
the poleward temperature decrease (also positive). The corresponding cross-section across the jet
(with the jet flowing into the page at A) is:

z Vg

o] -

sinking air B A® C rising air
compresses & warms expands & cools

w>0 w<0
Vg

—

COLD WARM

surface

The meridional temperature gradient. Since ()2 < 0, the geostrophic flow is further de-
creasing 07'/0y, which is already negative (cold to the north). In other words, following the flow
into the confluent jet entrance, the isotherms are squeezed together, and the temperature gradient
strengthens. To oppose this, we need o dw/dy > 0, i.e., dw/Jy > 0, or descent (w > 0) on the cold
(poleward) side at B and ascent (w < 0) on the warm (equatorward) side at C. The adiabatic warm-
ing of the sinking air and adiabatic cooling of the rising air weakens the meridional temperature
gradient, opposing the effects of the geostrophic wind (Q2).

The vertical wind shear. Since Q)2 < 0, the geostrophic deformation simultaneously acts to
decrease the westerly vertical wind shear, — fo Ouy/0p. To restore thermal wind balance, we need
— 38% /Op > 0, i.e., Qu,/Op < 0, or an increasingly poleward ageostrophic wind with increasing
height. For example, a poleward ageostrophic wind aloft and an equatorward ageostrophic wind

near the surface. Recall that
Dgug

Dt
so the poleward ageostrophic wind aloft accelerates u, at A (imposing an additional Coriolis
force in the wu, direction), while the equatorward ageostrophic wind near the surface decelerates u,
(imposing an additional Coriolis force against the u, direction). Thus, dv,/0p < 0 increases the
westerly shear over time, again opposing the effects of the geostrophic wind (Q2).

= fOUa

Notice that both the temperature gradient and the wind shear are being pushed in the wrong
direction by the geostrophic flow, which makes the shear too weak for the temperature gradient.
This is the same conclusion we reached in the previous notes, where we argued at a fixed point
(rather than following the flow) that the shear decreases while the temperature gradient stays fixed.
The cross-frontal ageostrophic circulation, which can be diagnosed from the Q-vector equation, is
the thermally direct circulation that restores thermal wind balance.

Both the quasi-geostrophic omega equation and the Q-vector framework show how
the cross-frontal ageostrophic circulation restores thermal wind balance,
which is continuously destroyed by the geostrophic wind!




Example 3: A Deformation Field
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Consider meridionally oriented isotherms (cold to the west), and a geostrophic deformation field

that brings air together along the z-axis and spreads it apart along the y-axis:

cold / \ warm cold

Y
A

Y
t \ / descent ascent
T

T() T1 TZ Td T4 ﬂ) Tl T2 TS

warm

With cold air to the west, § points west and T points north, along the isotherms. Moving north
through the center, the geostrophic wind changes from southward to northward, so di,/0% points
north. Rotating anticyclonically by 90°, the Q-vector points east, from the cold air toward the
warm air. Since the deformation (and thus Q) is strongest near the center, the Q-vectors diverge
on the cold side (descent) and converge on the warm side (ascent), as shown on the right.

This is a thermally direct circulation (warm air rises, cold air sinks). Notice also that this deforma-
tion field squeezes the isotherms together, strengthening the temperature gradient. Such a setup is

called frontogenetic. Stay tuned for frontogenesis!

Major Themes of This Unit

thermal wind balance done by the geostrophic circulation!

change in i, along the isotherms, rotated anticyclonically by 90°.

e The geostrophic flow continually acts to destroy thermal wind balance. This is because
the vorticity and temperature advection by the geostrophic circulation disrupts the bal-
ance between the vertical wind shear and the horizontal temperature gradient.

e The quasi-geostrophic omega equation (or, equivalently, the Q-vector form) tells you
the ageostrophic circulation (ug,v,,w) that is necessary to restore thermal wind
balance. In other words, the ageostrophic circulation exists to undo the destruction of

e (Q-vectors point towards ascent and away from descent: w x V - Cj Graphically, Cj is the

The Q-Vector Form of the QG Omega Equation
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along the isotherms (cold air on the left) and rotate it anticyclonically by 90°.

Q-vectors point toward ascent and away from descent. Graphically, take the change in i,




Frontogenesis and Semi-Geostrophy

Chapter 10
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Where We Left Off

In the last unit, we found that the geostrophic flow continually acts to destroy thermal wind
balance, and that the ageostrophic circulation (ug, v,,w) develops to restore it. In particular, using
the Q-vector framework (in pressure coordinates, on an f-plane), we derived equations for how
the geostrophic flow changes the horizontal temperature gradient. For example, for the meridional
temperature gradient,

(1)

Dy (ROT _ O _ R (0ug 0T 0v, OT
Dt<p0y>_Q2+00y’ where G2 = p((?y az By By

In these notes, we will use this equation to understand how fronts form. We will find that quasi-
geostrophy gets us part of the way there, but that it breaks down in the cross-frontal direction.

Introduction to Frontogenesis

Fronts are among the most familiar features of mid-latitude weather. On a weather map of a
developing synoptic-scale storm, the precipitation, the 500-hPa vorticity, and the lower-tropospheric
temperature are all organized along narrow, elongated bands. A vertical cross-section taken across
one of these bands reveals that the temperature can change by as much as ~15°C over only ~ 150
km, and that this zone of strong temperature gradient is slanted: it tilts with height toward the
cold air. At the surface, the passage of such a front is often marked by a dramatic shelf cloud and
a sharp change in wind and temperature.

Frontogenesis is the formation and intensification of a weather front, i.e., a region of strong
gradients of an atmospheric quantity (such as temperature) over a short distance. In these notes,
we will try to answer the following questions:

e What are the physical processes that lead to frontogenesis?
e What determines the time scale at which fronts form in synoptic-scale storms?
e What determines the spatial scale of these fronts?

e What determines the shape (e.g., the slant) of these fronts?

Quantifying Frontogenesis

Consider the intensification of a temperature front in the y-direction, i.e., the isotherms are oriented
along z, and they become more tightly packed over time:
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We can use the Q-vector equation for the meridional temperature gradient (Eq. 1) to understand
its time evolution. Dividing by R/p (which is constant following the geostrophic motion, since it is
horizontal), and recalling that o = RS, /p,

Dy (20) 20, 45,2 04,07 00,07
Dt \ oy R P oy’ oy dxr Oy dy
Since the geostrophic wind is non-divergent, dv,/0y = —0u,/0x, so that

Oug 0T  Ouy OT

_Ty% ox Oy

where

P _
R =

Py _
72 =

Combining, we obtain:

D, (0T Ouy 0T Ouy OT Ow

A (el RS e Bt = 2

Dt<8y> lay dr Ox Oy +Sp8y @)
—— ——

(1)

The three terms represent:
1. Horizontal shearing deformation by the geostrophic circulation;
2. Horizontal stretching deformation by the geostrophic circulation;
3. Differential adiabatic warming/cooling by the ageostrophic circulation.

Similarly, taking 0/0z instead, the zonal temperature gradient evolves as

Dy (0T _ | 9vg O dv, OT 0w
Dt (83}>_ lax Jdy Oy Ox +Sp8:1: ®)
N—— S~

Horizontal Deformation
The two geostrophic terms correspond to two different flow configurations:

Y )

(1) A

A

Y

Y

shearing deformation

(2)

/
7
\\

stretching deformation

(1) rotates (deforms) a zonal tem-
perature gradient into the merid-
ional direction.

(2) advects the temperature field
so that the isotherms concentrate
along the dilation axis (here, the
x-axis).
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Horizontal Deformation in Synoptic Storms

In a developing synoptic-scale storm, the large-scale geostrophic circulation contains both types of
deformation. In the schematic below (from Holton), the solid lines are streamlines of the geostrophic
flow around a surface low, and the dashed lines are isotherms:

Source: Holton, An Introduction to Dynamic Meteorology, p. 271.

Point A: stretching deformation. Ahead of (northeast of) the low, the flow converges toward
the isotherms along y and spreads out along x, much like configuration (2). Here, 9T /9y < 0 (cold
to the north) and duy/0x > 0, so the stretching term in Eq. (2) gives

D, (0T Oug 0T
— | = |~ <0
Dt \ Jy oxr Oy
N~
>0 <0
The meridional temperature gradient intensifies, and a classical warm front forms! Note that
Point A is a region of warm air advection.

Point B: shearing deformation. South of the low, the northerly flow to the west and the
southerly flow to the east shear the temperature field, much like configuration (1). Here, 97'/0y < 0
and dvy/Ox > 0, so the shearing term in Eq. (3) gives

Dy (0T _ _0v 0T _

Dt \ oz )~ o0z dy
N~
>0 <o

The zonal temperature gradient intensifies with cold air to the west, and a classical cold front
forms! Note that Point B is a region of cold air advection.

Horizontal deformation by the geostrophic circulation tends to:

e form warm fronts ahead of the surface low pressure, and

e form cold fronts southward of and behind the surface low pressure.
This frontogenesis drives the system away from thermal wind balance!

However, there are some issues with applying quasi-geostrophy in the cross-frontal region...
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Scale Analysis of a Front

Consider an atmospheric front with the temperature gradient in the y-direction (so the front is
oriented along x), with cold air to the north:

T 15 T3 0

L] COLD WARM T

A

Typical scales are:
e u: along-front (zonal) flow, U ~ 10 m/s;
e v: across-front (meridional) flow, V' ~ 1 m/s;
e [: along-front horizontal scale, &~ 1000 km;

e [: across-front horizontal scale, ~ 100 km;

e fy: Coriolis parameter, ~ 1074 s~

The time scale is set by the time it takes the cross-front flow to cross the front, ¢t ~ I/V (a lower
limit).
(1) The meridional momentum equation is

Dv 09
ﬁ%-fou— _aiy

Comparing the acceleration to the Coriolis force acting on the along-front wind,
Dv/Dt V?* 1 V?
o/Dt VE LV ey ~001
fou [ foU U 2

The along-front wind w is very much in geostrophic (and thus thermal wind) balance!

(2) The zonal momentum equation is
Du s oo}
=2 = — 2L
Dt 0 ox
Comparing the acceleration to the Coriolis force acting on the cross-front wind,

Du/Dt UV 1 U

fov I foV  foll

The acceleration is the same order as the Coriolis term, so the cross-front wind v is not close to
geostrophic balance.

1

Quasi-geostrophy fails for the across-front (v) wind!
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Going Beyond Quasi-Geostrophy

Our scale analysis shows that QG fails in the cross-frontal direction. While the along-front wind is
in near-geostrophic balance, the cross-front wind is not even quasi-geostrophic. In particular,

e u = ug is very accurate, but v = vy + v4, where v, is the same order of magnitude as v,!

e Consequently, the advection by the ageostrophic wind cannot be neglected in the
cross-frontal direction.

In other words, the geostrophic material derivative D, /Dt needs to become the full material deriva-
tive D/ Dt:

2:Q+(u +y/)£+(v +v)£+w2
Dt Ot g7 o 907 oy Op
zé—i-u2+v2—|—'02—1—wg
ot 9 0x 90y “Oy dp
D,/Dt

where we have neglected the along-front ageostrophic wind, u,, since the along-front flow is in
geostrophic balance. Including these extra advective terms is called semi-geostrophic balance.

Recap: The Q-Vector Equations

Recall from the Q-vector notes the two equations for the meridional temperature gradient and the
vertical wind shear across a front oriented along x:

Dy (0T _ p 0w Dy (04 _ 20V
Dt(8y>_RQ2+Sp6y’ Dt< foap =@ fo@p

Remember that ()2 represents the deformation by the geostrophic flow! Consider QY2 < 0, where
horizontal deformation by the geostrophic flow further decreases 97'/9y (strengthening the front)
while decreasing the westerly vertical wind shear. We found (through the QG omega equation and
Q-vectors) that dw/0y > 0 and dv,/Jdp < 0, which restores thermal wind balance:
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In three dimensions, this cross-frontal ageostrophic circulation sits in the y—z plane, perpendicular
to the along-front geostrophic flow u,. However, in quasi-gesotrophy, the ageostrophic circulation
does not advect temperature or momentum. Only the geostrophic wind appears in Dy/Dt. Our
scale analysis shows that, near a front, this is not a good approximation.
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The Semi-Geostrophic Equations

The semi-geostrophic equations allow the ageostrophic circulation to advect temperature and mo-
mentum. For a front oriented along x, the semi-geostrophic (SG) equations assume:

e The along-front flow is in geostrophic and thermal wind balance: u = uy, where u, =

1 0 T

_L09 ha g2t BOT

fo Oy dp  p Iy
. . 1 0¢
e The cross-front flow includes the ageostrophic wind: v = vy + v4, where vy = f—a—
00T

D 0 0
e Material derivative: Di = % + <"uaay + w8p>

e Momentum equation: Ug — fove =0

Dt
. . D
e Thermodynamic equation: HtT —Spw=0

v Ow
e Continuity equation: — + — =0

dy  op

These are identical to the quasi-geostrophic equations, except that the advection by the cross-
frontal ageostrophic circulation (in red) has been retained. As in QG, the vertical advection of the
basic-state temperature profile is contained in S,w, so the T" inside D/Dt is the departure from
that basic state (its horizontal gradients are the same as those of the full temperature).

The Sawyer—Eliassen Circulation in Semi-Geostrophy

In semi-geostrophy,
e advection includes the full wind, and
e the cross-frontal ageostrophic circulation advects temperature and momentum.

Let us repeat our derivation of the Sawyer—FEliassen equations, now with the full material derivative.
Taking 0/0y of the SG thermodynamic equation, the extra advective terms contribute

8( or 8T>_< 0 8>8T Ovg 0T | Ow OT

ay\"ay " “ap) " \"ay "“ap) oy T oy oy oy op

The first group of terms simply turns D,/Dt into D/Dt, while the last two are new. Similarly,
taking 9/0p of the SG momentum equation, the extra advective terms contribute two new terms,
O0vq/0p Oug /Oy + Ow/Op dug/Op. Multiplying by — fo, moving them to the right-hand side, and
using thermal wind balance (fo Ouy/0p = (R/p) 0T /0y) in the last term, we can compare the two

sets of equations:
D, (0T P Ow
Do (Y2 &2 g 2
Dt <8y> RQ2 o oy

Dy (9 _ g, 2%
Dt(foap>_Q2 ° op

QG
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Semi-Geostrophic Frontogenesis

Let us focus on how the meridional temperature gradient changes:

DI _pp o0 0w 0T 0wl
Dt\dy) R 2 P oy dy Oy Oy Op
————

key new term

(The last term, the tilting of the perturbation temperature field by the vertical motion, neglected
here.) For a front with 97'/0y < 0 (cold to the north of warm), a convergent cross-frontal
ageostrophic flow (0v,/dy < 0) gives

_ Ova OT <0 = D (or <0
———

<0 <0
i.e., it leads to frontogenesis! Where does the ageostrophic flow converge? From mass continuity,

Oa  Ow _ o Mg _ 0w
dy  Ip dy — Op

e At Point D, near the surface on the warm side, the air is rising above (w < 0), while w =0
at the surface. Thus w increases toward higher pressure, so that dw/dp > 0, and dv, /9y < 0.

e At Point E, near the top of the circulation on the cold side, the air is sinking below (w > 0),
while w &~ 0 above. Again dw/dp > 0, so that dv,/dy < 0.
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The advection of temperature by v, leads to strong fronts at D and E!

A Positive Feedback

In QG, the ageostrophic circulation only acts to restore thermal wind balance. In SG, it also
sharpens the front, which leads to a feedback loop:
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Convergent (Ov,/dy < 0)
cross-frontal ageostrophic
flow increases |0T/0y|

(Uq, Vg, w) increases Increased |0T/0y|
to restore thermal wind balance increases (ug,vy)

Increased (ug4,vq) further
drives the atmosphere out
of thermal wind balance

This feedback loop leads to very fast rates of frontogenesis: in semi-geostrophic theory, the tem-
perature gradient becomes infinite in around a day!

Properties of Semi-Geostrophic Frontogenesis
e A very fast rate of frontogenesis: an infinite temperature gradient forms in ~ 1 day.

e The strongest temperature gradient (i.e., the front) tilts with height toward the cold
side, along the line from D to E in the figure above.

These are both hallmarks of observed frontogenesis! For example, in the GFS cross-section across
a cold front shown in class, there is sinking air on the cold side, rising air on the warm side, and
a convergent cross-frontal ageostrophic flow in the lower troposphere (near 800 hPa). The zone of
strongest frontogenesis slopes from roughly 750 hPa on the warm side up to roughly 550 hPa on the
cold side, over a horizontal distance of only ~200 km: exactly the structure that semi-geostrophy
predicts. In classical schematics of a cold front, the warm, moist air is often depicted as “forced
up” over the wedge of cold air, producing deep convective clouds (and often a dramatic shelf cloud)
and precipitation along the front.

Frontogenesis Summary

e Horizontal (shearing and stretching) deformation by the geostrophic circulation con-
centrates temperature gradients, forming warm fronts ahead of and cold fronts behind
the surface low.

e Across a front, the cross-front wind is not quasi-geostrophic (Ro ~ 1), so the advection
by the ageostrophic wind cannot be neglected.

e Semi-geostrophy allows for advection by the ageostrophic wind. This turns out to
be very important to model observed fronts:

— it leads to much faster time scales of frontogenesis (=~ 1 day), and
— it leads to fronts sloping with height toward the cold side.

e A strong feedback between the geostrophic circulation (which destroys thermal wind
balance) and the ageostrophic circulation (which tries to restore thermal wind balance)
leads to frontogenesis!
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